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Teaching and Learning limits at the Secondary Level 
in Lebanon 
 
Najwa Riad Thabet 
 
ABSTRACT 
 
The concept of “limit of a function” plays a fundamental key role in comprehending basic 
calculus notions and its application is also essential in other disciplines. This makes it 
necessary for students to develop a firm conceptual understanding of limits. The main 
purpose of this study is to investigate the types of difficulties that Grade 11 scientific 
track students face while learning limits of functions and the possible sources of those 
difficulties as well as students’ perceptions of limits. The study took course over two 
academic years in a Lebanese school. The participants were grade 11 class (24 students 
and teacher) in a chosen Lebanese school. The conducted research is a qualitative study 
based on curriculum and textbook analysis, class observation log analysis, analysis of two 
tests prepared by the teacher, as well as a questionnaire and a post-test analysis 
administered to 36 grade-12 students to analyze their conceptual understanding and 
retention of the concept, a year from instruction. Findings show that the difficulties that 
students face while learning the concept of “limit of a function” are due to several 
reasons. The analysis of curriculum and textbook shows that the difficulties that students 
face relate to the representations used in the textbook as well as the way the concept is 
developed in the Lebanese National Curriculum and textbooks. The analysis of the 
observation log shows that the difficulties are mainly related to the metaphysical aspect 
of the notion of limit, and the elusive concept of infinity, as well as to the fact that the 
limit process cannot be performed by merely simple arithmetic or algebra. The analysis 
of the questionnaire shows that the most adopted conception of limit adopted by students 
is that the “limit describes how a function moves as x moves toward a certain point”, 
followed by the two ideas, the first one being that “a limit is a number that the y-values of 
a function can be made arbitrarily close to by assigning specific numbers to the x-values” 
and the second one that “a limit is determined by plugging in numbers closer and closer 
to a given number until the limit is reached”. The analysis of the three tests shows that the 
difficulties are mainly related to the fact that the limit process cannot be performed by 
simple arithmetic or algebra, to the concept of infinity, the concept of function, as well as 
to previous knowledge. This study gives an incentive to all stakeholders to work 
collaboratively to rethink the curriculum and textbooks they are using and to create a 
suitable learning context to develop and apply the concept of limit. 
 
Keywords: Limit of a function, Calculus, Conceptual understanding, Epistemological 
obstacles, Representations, Infinity 
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CHAPTER ONE 
INTRODUCTION 
1.1 Overview 
 Mathematics is generally perceived to be a difficult subject to learn since it 
requires higher-order thinking abilities. Hence a solid conceptual understanding of 
mathematical concepts is critical for students to decide where, when, and how to use their 
knowledge of the concepts. Calculus, as one of the mathematics disciplines, is not an 
exception.  
 The concept of “limit of a function” plays a fundamental key role in 
comprehending basic calculus notions such as: derivative, integral, and continuity 
(Williams, 1991; Ervynck, 1988). Its application is also essential in other disciplines such 
as: physics, chemistry, economics…etc (Ferrini-Mundy & Lauten, 1993; Tall, 1992a). 
This makes it necessary for students to develop a firm conceptual understanding of limits. 
Students’ difficulties in understanding limits will not only affect their understanding of 
that concept but also their whole subsequent learning process in mathematics as well as in 
other subjects, hence creating problems for them later in their future life.  
 Research shows that the concept of limit creates major difficulties for students. 
Students face many obstacles while coming to understand the concept of limits (Cornu, 
1991; Tall & Vinner, 1981). Juter (2006) considers that learning limits of functions 
requires effort and time, possibly more than other topics and concepts in basic calculus. 
Cornu (1991) believes that the concept of limits is a difficult one since it requires 
advanced critical thinking which is entailed in advanced mathematics.  
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 The concept of limits also holds a vital position that lays the foundation for the 
entire mathematical analysis (as a basis of several theories and operations such as: 
approximation, differentiation, integration, and continuity).The main reason behind the 
difficulties in learning and teaching the concept of limits is not only related to the 
complexity and richness of the concept but also to the impossibility to recognize the 
cognitive aspects of the concept merely from its mathematical formal definition. 
Moreover, students’ intuitive understanding of the formal aspect of the concept of 
limits depends greatly on the understanding of several other concepts such as: 
infinitesimals, the notion of infinity, and continuity (Cornu, 1991; Tall, 1992b). A 
misconception in any of those concepts will lead to a problem in understanding the 
concept of limits. This creates a need for studying how the concept is developed 
throughout the curriculum.  
 Moreover, Barbe, Bosch, Espinoza and Cascon (2005) consider that the processes 
of learning and teaching go hand in hand and that the problems that arise while teaching 
the concept of limits require an understanding of the choices that teachers make and the 
related content of the curriculum. Results of research studies done by Mastorides and 
Zachariades (2004) and Huillet (2005) show that the poor performance of students related 
to the concept of limits points directly to deficiencies in teachers’ content knowledge of 
the concept and the teaching strategies they use.   
 Cornu (1991) also regards “the diversity of conceptions, the richness and 
complexity of notions, and the cognitive obstacles” (p.165) as the main reasons why 
teachers face difficulties while teaching the concept.  
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A thorough investigation of the concept of “limit of a function”, its development, 
and the difficulties/obstacles that students face when learning this concept can help in 
creating a basis for enhancing its teaching and learning. 
1.2 Statement of the Problem 
 The concept of “limit of a function” is one of the elemental concepts in calculus. 
A good conceptual understanding of this concept and its applications is essential in order 
for students to successfully proceed further with other concepts that they will need later 
on (derivatives, integrals, etc…). The difficulties and obstacles faced by students while 
constructing an understanding of such a concept make it a necessity to investigate and 
analyze the way it is taught in schools.  
 Several research studies investigated the difficulties and obstacles that students 
face while learning concepts in calculus particularly the concept of limits. Some of these 
obstacles emerge due to previous knowledge (Juter, 2005), curriculum, as well as 
teachers’ practices and teaching methods (Barbe, Bosch, Espinoza, & Cascon, 2005). 
Other obstacles emerge from students’ intuitive understanding of the formal aspect of the 
concept that depends greatly on the understanding of several other concepts such as: 
infinitesimals, the notion of infinity, and continuity (Cornu, 1991; Tall, 1992b). 
According to Cornu (1991), these obstacles are divided into three types:  genetic and 
psychological, didactical, and epistemological obstacles.  
Some studies, on the other hand relate the difficulties to the development of the 
concept through time (Juter, 2006; Furinghetti & Radford, 2002). Some additional 
difficulties can be due to the different representational means such as: symbolic, verbal, 
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and visual that are used when working with limits (Tall, 1992b; Sierpinska, 1987; Moru, 
2008). 
When analyzing such obstacles the following questions come to mind: 
 Is the concept of limits developed in a way that helps students build their 
mathematical knowledge meaningfully? 
 Do the students master all other concepts that are needed as a basis for 
understanding the concept of limits? 
 Does the teacher use various teaching methods that address all types of 
intelligences in the classroom? 
 Can the students correctly use their understanding of limits in mathematical 
problem solving as well as problem solving in other disciplines? 
 Can students apply their knowledge of limits in real life situations? 
The present study is concerned with the teaching and learning of the concept of 
limits in the Lebanese context. 
The Lebanese Mathematics Curriculum (LMC) regards mathematics as an 
“essential science” that can help students build the necessary knowledge needed “to 
understand and explore the real world in all domains: physical, chemical, biological, 
social, psychological … etc” (Ministry of Education & Educational Center for Research 
and Development (ECRD), 1997, p. 288). 
The General Objectives of the Lebanese Mathematics curriculum (ECRD, 1997) 
stress on several aspects mainly: mathematical thinking, solving mathematical problems, 
communicating mathematically, establishing “relations between mathematics and the 
surrounding reality” (p. 289), as well as valuing mathematics. The main aim of the 
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curriculum is to raise individuals that are able to use their mathematical knowledge 
efficiently and effectively in order to “understand and explore the real world” (p. 288).  
The Secondary Education of the Lebanese system is made up of three years. 
According to the Lebanese curriculum syllabus, Calculus is introduced in the first year 
and includes numerical functions, their graphical representation, using graphs to solve 
equations and inequalities, and the study of functions.  
In the second secondary year, a student may choose one of two tracks: Humanities 
and Sciences. The curriculum shows that the calculus syllabus as well as scope and 
sequence of both tracks are the same and include: limit of a function at a point and at 
infinity. It also includes calculations with Limits, Arithmetic and Geometric sequences, 
continuity of a function, derivative of function, differentiation rules, study of different 
types of functions (polynomial and homographic), and integration.  
In the third secondary year, a student may choose one of four tracks: Literature 
and Humanities (LH), Sociology and Economics (SE), General Sciences (GS), and Life 
Sciences (LS).In this third year, the curriculum shows some major differences among the 
four tracks, in their syllabus and in their scope and sequence.  
The calculus syllabus in the third secondary year includes only one common topic 
among the four tracks: exponential functions. 
Following is an overview of the topics included in the calculus syllabus of the 
different tracks of the third secondary year. 
Topics common to the three tracks SE, GS, and LS: 
Natural logarithmic functions, inverse functions, derivatives of composite 
functions, second derivative, L’Hospital’s rule, integration; definition, properties and 
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calculation, differential equation; definition, equations in separable variables, first order 
linear equations with coefficients as constants. 
Topics present only in LH and SE tracks: Rational functions. This topic is not 
mentioned in Grade 11 sciences track.  
Topics present only in GS and SE tracks: Limits of numerical sequences. 
Topics present only in GS and LS tracks: Inverse trigonometric functions, closed 
interval in relation with continuous function, derivatives of inverse functions, successive 
derivatives, as well as integration rules and how to apply integral calculation, Differential 
equation; second order linear equations with coefficients as constants. 
Topics present only in LH track: Graphical representations as well as simple and 
compounded interests as mathematical models for economics and social sciences. 
Topics present only in SE track: Limits of geometric sequences, finite differences 
equations and functions that are related to economics and social sciences as well as 
finance mathematics. 
Topics present only in GS track: Irrational functions, numerical sequences 
(bounded and convergent sequences), and parametric curves, Rolle’s and Mean value 
theorem, Mean value theorem for definite integrals. 
As the above information from the Lebanese Calculus Curriculum shows, despite 
the differences in the various tracks of the third secondary year, almost all concepts 
mentioned depend greatly on students’ mastery of the concept of limits. Moreover, the 
objectives of each track are not all the same, which raises the question: do teachers have 
this distinction in mind while teaching the concept of limits to different students in 
different tracks in Grade 11? For example, are students in Grade 11 Humanities and 
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Sciences tracks able to apply their knowledge later in Grade 12 and further in other 
disciplines such as economics? Another major question comes to mind: Do the National 
books used address students’ needs in different tracks and do they contain enough diverse 
material to prepare students for their future studies?  
 This study sheds light on how the concept of “limit of a function” is presented and 
developed in the Lebanese National Curriculum and its actual implementation and 
development in a Lebanese classroom. It also discusses the difficulties that students face 
while learning and applying the concept and the related obstacles that could have created 
such difficulties. 
1.3 Purpose of the Study 
 The main purpose of this study is to investigate the types of difficulties that 
students face while learning limits of functions and the possible sources of those 
difficulties as well as the related obstacles. It also investigates the ways students apply 
their understanding of the concept in solving problems. 
Moreover, this study examines how the concept of “limit of a function” is 
presented and developed in the Lebanese National Curriculum and textbooks and the way 
the curriculum is implemented through the actual classroom practices in a chosen 
classroom (Grade 11 scientific track of a Lebanese private school). 
1.4 Research Questions 
 This study addresses the following questions 
1. How is the concept of “limit of a function” presented and developed in the 
Lebanese National Curriculum and textbooks? 
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2. How is the concept of “limit of a function” actually presented and developed in 
the classroom? 
3. What types of difficulties/obstacles do Lebanese secondary students face while 
learning limits of functions? 
4. How do students perceive the concept of limit and describe their difficulties 
regarding this concept? 
1.5 Significance of the Study 
 The concept of functions in general and their limits in particular creates an 
appealing context for studying important mathematical beliefs. The concept of limit is an 
important mathematical concept to investigate due to several reasons.  
It is probably the most basic idea in standard calculus. Students face many 
difficulties in acquiring such a concept, which makes it a must to investigate those 
difficulties and understand them, in order to find solutions; Sierpinska (1987), Davis and 
Vinner (1986), Williams (1991), and Tall and Vinner (1981) claim that, even after 
building up carefully developed instruction to minimize such difficulties, students still 
continue to have alternative and incomplete conceptions of limits.  
Furthermore, since there is a necessity for students to develop a good 
understanding of the concept of limits in order to be able to apply it successfully in other 
disciplines (such as: economics, physics, etc…), analyzing the difficulties and obstacles 
that they face while learning the concept becomes a must. Any misconceptions of the 
concept of limits can create difficulties for them while learning other mathematical 
concepts, or concepts in other disciplines.  
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In addition, many international research studies have given the concept of limit 
considerable attention, and provided solid and formal frameworks for evaluating and 
assessing students’ conceptions of limit. Such frameworks help in providing a good tool 
for evaluating and thinking about limits (Szydlik, 2000). However, to my knowledge 
there are no studies that investigated the teaching and learning of this concept in the 
Lebanese, or even the Arab countries’ context. The present study is expected to make a 
much needed contribution in this field. 
 Furthermore, the outcomes of this study will provide teachers and curriculum 
developers with the following: 
 An insight into the difficulties that students face while learning the concept of 
“limit of a function”. 
 An incentive to rethink the curriculum they are using and its textbooks in order to 
achieve a conceptual understanding of the concept and its application in 
mathematics as well as other disciplines, i.e. assess the need for changes, extra 
activities and looking for other resources.  
 An incentive to create a suitable learning context through designing effective 
situations to develop and apply the concept of “limit of a function”.  
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CHAPTER TWO 
LITERATURE REVIEW 
The following section includes a basic discussion of the main educational theories 
in the literature, associated with the subject of the study. 
2.1 Cognitive Theories of Learning 
 Educational researchers are in general concerned with psychological factors that 
continuously affect students’ learning and thinking, which are better understood and 
analyzed in light of cognitive theories. Cognitive theories can help in detecting the factors 
and situations that affect students’ understanding and development of concepts. 
 According to Dubinsky and McDonald (2001), “a theory of learning mathematics 
can help us understand the learning process by providing explanations of phenomena that 
we can observe in students who are trying to construct their understandings of 
mathematical concepts and by suggesting directions for pedagogy that can help in this 
learning process” (p.275).Since students’ understanding of any concept depends highly 
on their previous knowledge and the way they use this knowledge in order to acquire new 
concepts, the reference to cognitive theories becomes essential in order to detect some of 
the difficulties that students face while learning any new concept such as “limit of a 
function”.  
One of the main cognitive theories of learning is that of Piaget (1975). Piaget 
identified three types of abstraction:  
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1. Empirical abstraction which is related to how an individual obtains knowledge 
from objects and their properties (Beth & Piaget, 1974). This type of abstraction leads to 
the passage from “the specific to the general”.  
2. Pseudo-empirical abstraction (Piaget, 1975) which is the intermediate stage 
between empirical and reflective abstraction. This type of abstraction is extracted from 
transitory properties of objects that are derived from the coordination of the individual’s 
actions.  During this stage the individual separates the properties that he/she attributed to 
the objects in the first stage. Pseudo-empirical abstraction stage focuses on actions on 
objects and the properties of the actions. 
3. Reflective abstraction which was introduced by Piaget (1975) is directly related 
to the general coordination of actions. The source of this type of abstraction is the 
individual. This type of abstraction involves both: recognizing properties from physical 
or mental actions, as well as reorganizing and reconstructing the content, thus leading to a 
new content where new operations can be applied. According to Piaget, “reflective 
abstraction” continues to develop through the higher stages of mathematical learning 
(Piaget, 1985).Beth and Piaget (1974) believe that “reflective abstraction” is the main 
reason behind the reconstructions that take place while moving through the four stages of 
“sensori-motor actions”, “semiotic representations”, “concrete operations” and “formal 
operations”. Although Piaget’s main concern is how mathematical knowledge develops at 
the early stages, he suggests that the same process of knowledge development can be 
applied to more advanced knowledge and topics in mathematics.  
 Dubinsky (1991) suggests that the beliefs that Piaget uses to depict how children 
construct simple concepts can be used to analyze the construction of more complex 
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concepts, among which is the concept of mathematical limit. Dubinsky (1991) discusses 
“reflective abstraction”, as well, and considers it as a general framework that can be used 
to describe any mathematical concept and how it is acquired. He refers to that framework 
as the “general theory”, a special type of which is genetic decomposition. The “general 
theory” defines genetic decomposition as “a hypothetical model that describes the mental 
structures and mechanisms that a student might need to construct in order to learn a 
specific mathematical concept” (Arnon, et al., 2014, pp.27, 28). According to Dubinsky, 
the study of “reflective abstraction” goes hand in hand with the exploration of 
epistemological obstacles investigated by Cornu (1981) and Sierpinska (1987).  
Moreover Dubinsky and McDonald (2001) believe that mathematical knowledge 
depends on students’ inclination to deal with apparent mathematical problems and 
situations by structuring mental actions, processes, and objects and then arranging them 
in schemas in order to understand the given situations and hence solve the mathematical 
problems. Dubinsky (2000) explains extensively these mental structures in a theoretical 
construct that he coined as the APOS theory. This theory considers that understanding a 
mathematical concept begins with manipulating previously constructed mental or 
physical objects to form actions; actions are then interiorized to form processes, which 
are then encapsulated to form objects. Objects can be de-encapsulated back to the 
processes from which they were formed. Finally, actions, processes, and objects can be 
organized into schemas. Dubinsky (1991) discusses five types of reflective abstraction, or 
mental mechanisms—interiorization, coordination, reversal, encapsulation, and 
generalization—that lead to the construction of the before-mentioned mental structures: 
Actions, Processes, Objects, and Schemas. According to Piaget, and adopted by APOS 
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Theory, a concept is first conceived as an Action, that is, as an externally directed 
transformation of a previously conceived Object, or Objects. An Action is external in the 
sense that each step of the transformation needs to be performed explicitly and guided by 
external instructions; additionally, each step prompts the next, that is, the steps of the 
Action cannot yet be imagined and none can be skipped. An individual who is limited to 
an Action conception relies on external cues. As an individual repeats and reflects on an 
action, it may be interiorized into a mental process. A process is a mental structure that 
performs the same operation as the action being interiorized, but wholly in the mind of 
the individual, thus enabling him or her to imagine performing the transformation without 
having to execute each step explicitly. Encapsulation occurs when an individual applies 
an Action to a Process, that is, sees a dynamic structure (Process) as a static structure to 
which Actions can be applied. If one becomes aware of the process as a totality, realizes 
that transformations can act on that totality and can actually construct such 
transformations (explicitly or in one’s imagination), then it is said that the individual has 
encapsulated the process into a cognitive object. Once a Process has been encapsulated 
into a mental Object, it can be de-encapsulated, when the need arises, back to its 
underlying Process. In other words, by applying the mechanism of de-encapsulation, an 
individual can go back to the Process that gave rise to the Object. The mechanism of 
coordination is indispensable in the construction of some Objects. Two Objects can be 
de-encapsulated, their Processes coordinated, and the coordinated Process encapsulated 
to form a new Object. According to Dubinsky (1991), Schemas are structures that contain 
the descriptions, organization, and exemplifications of the mental structures that an 
individual has constructed regarding a mathematical concept 
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“Action. A transformation is considered an action when it is a reaction to stimuli 
which the subject perceives as external. This means that the individual requires 
complete and understandable instructions giving precise details on steps to take in 
connection with the concept. 
Process. When an individual reflects on an action scheme and internalizes it then 
the action can become perceived as a part of the individual and he or she can 
establish control over it. 
Object. When an individual reflects on operations applied to a particular process, 
becomes aware of the process as a totality, realizes that transformations (whether 
they be actions or processes) can act on it, and is able to actually construct such 
transformations, then he or she is thinking of this process as an object. 
Schema. Once constructed, objects and processes can be interconnected in 
various ways. A collection of actions, processes, and objects can be organized in a 
structured manner to form a schema which may also include previously 
constructed schema. The structure of the schema has coherence in the sense that 
an individual understands, implicitly or explicitly, which phenomena the schema 
can be used to deal with” (Dubinsky, 1991, pp. 5 - 7). 
 
The development of the APOS theory started in the early 1980s (Dubinsky, 1984), 
and since that time it became an essential basis for research in mathematics education as 
well as curriculum development (Arnon, et al., 2014).  Piaget’s Reflective abstraction 
was used as the basis for the development of APOS theory. Piaget (1970) believes that 
mental or physical knowledge of an object can only be developed if both the object and a 
subject acting on that object are involved. The general framework, “content and 
operations on content that lead to the operations themselves becoming new content”, sets 
the basis for more delicate differences; for example, the difference between the mental 
structure of Action and Process and how mental mechanisms, encapsulation and 
exteriorization, result in the creation of various conceptions that comprise the A – P – O –
S progression. Beth and Piaget (1974), consider that “reflective abstraction consists of 
translating a succession of material actions into a system of interiorized operations, the 
laws of which are simultaneously implied in an act”. According to Dubinsky (1991) 
“Interiorized operations” refer to Processes in APOS theory, “translations” refer to the 
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mental mechanism of “interiorization”, and “system” refers to “Schema”. Moreover, 
Piaget’s Reflective abstraction had an effect on the APOS theory regarding the 
development of transformation of a Process into an Object through the “mental 
mechanism of encapsulation”.  
Moreover, Dubinsky (1991) generally describes the mental structures and 
mechanisms – involved in the construction of mathematical knowledge – that are used in 
the APOS theory and the relation between them. The mental structures involve: (a) 
Actions, (b) Processes, (c) Objects, and (d) Schemas whereas the mental mechanisms or 
constructions(derived from Piaget’s on reflective abstraction) that lead to the 
construction of these structures involve: (a) Interiorization, (b) Coordination, (c) 
Reversal, (d) Encapsulation, and (e) Generalization (Piaget, 1970, 1972).  
Generally, genetic decomposition may include several aspects (Arnon, et al., 
2014): 
 Description of how Action, Process, and Object structures are related, and the 
way they are organized into Schemas which are larger mental structures. 
 Explanation of individuals’ expected performances that show variations in their 
development of constructions. 
 Description of a student’s prerequisite structures that he/she might have 
constructed previously, and an explanation of the variations in the development 
of different students that might have had an effect on the discrepancies in their 
mathematical performance. 
According to Arnon, et al. (2014) research based on APOS theory depends greatly 
on genetic decompositions. Preliminary genetic decomposition, as a theoretical 
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hypothesis, can set the basis for designing instruments that can be used in obtaining and 
analyzing students’ data. Through their work, students’ constructions can be inferred and 
their answers to questions can be compared to what was originally forecasted in the 
preliminary genetic decomposition.  
According to Asiala et al. (1996), curriculum development and/or research based 
on the APOS theory encompasses three constituents: (a) theoretical analysis, (b) design 
and implementation of instruction, and (c) collection and analysis of data. Figure 1 
reveals the relationship between these three constituents.  
 
 Figure 1. Research and Instruction Cycle (Asiala et al., 1996) 
Based on this figure, the first step in a research is a theoretical analysis of the 
development of the mathematical concept under study, which leads the way to the 
preliminary genetic decomposition of that concept. The three constituents of the research 
cycle affect each other as shown by the arrows in Figure 1. The design and 
implementation of instruction are coerced by the theoretical analysis through exercises 
and/or activities that are specially designed to promote the mental constructions required 
by the analysis. These exercises and/or activities can assist students in constructing 
Actions, interiorizing these Actions into Processes, encapsulating the resulting Processes 
into Objects, and finally coordinating these Processes in order to construct new ones. The 
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implementation of instruction offers a chance to the collection and analysis of data based 
on the APOS theory. Based on the analysis of students’ work either one of theoretical 
analysis or instruction could be revisited and reconsidered. 
 Moreover, Tall and Vinner (1981) use the theory of concept image and concept 
definition to distinguish between the images that the individuals create in their mind for a 
specific concept and the definition of the concept using mathematical statements and 
words. Based on this theory, a study of the curriculum can help in postulating some 
reasons for the disparity between individuals’ concept images and their knowledge of the 
definition of the concept. According to this theory, the term concept image is used to 
describe the total cognitive structure that is associated with a given concept, together with 
all the mental pictures and associated properties and processes. ... As the concept image 
develops, it need not be coherent at all times. ... The portion of the concept image which 
is activated at a particular time is referred to as the evoked concept image. At different 
times, seemingly conflicting images may be evoked. Only when conflicting aspects are 
evoked simultaneously need there be any actual sense of conflict or confusion (Tall, 1990, 
p. 5).The concept definition [is] a form of words used to formally specify that concept 
(Tall &Vinner, 1981, p.152) 
“On the other hand, Chevallard’s theory of didactic transposition states that a unique 
model called “praxeology” (Greek based praxis means practice and logos means 
reason) can describe every individual’s activity. Based on that, mathematical activities 
in schools are related to two blocks: theoretical and know-how, The process of 
didactical transposition refers to the adjustments that a body of knowledge has to pass 
through in order to become a type of knowledge that can be learned and taught at 
schools. Based on Chevallard’s theory and other research on the topic (Bosch, 
Chevallard & Gascón, 2005; Barbé, Bosch, Espinoza, & Gascón, 2005), Hardy (2009) 
divides knowledge into several types: Scholarly knowledge, understood as 
knowledge produced by professional mathematicians, Knowledge to be taught, 
described in curricular documents, Knowledge actually taught which can be 
gleaned from the teachers’ classroom discourse and the tasks he or she prepares 
for the students, Knowledge to be learned, which can be a subset of the 
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knowledge to be taught or of the knowledge actually taught and whose minimal 
core can be deduced from the assessment instruments, and finally Knowledge 
actually learned which can be accessed somewhat from students’ responses to 
tasks, clinical interviews, observations of students’ behavior in the ordinary 
classroom or in specially designed problem solving situations” (p. 343).  
 
In addition to the previously mentioned theories, Tall’s (2004) three-world-theory 
of mathematics is used to differentiate between the different styles of mathematical 
thinking. This theory concentrates on mental representations and their constructions and 
is based on several other theories related to concept development, some of which include 
the work of Sfard (1991) based on Processes and their encapsulation into Objects as well 
as the reflective abstraction theory of Piaget. Individuals in the first world (referred to as 
embodied world) make use of their physical understanding of the real world around them 
in order to execute mental experiments that help them in creating mental notions of 
mathematical concepts. In the second world (referred to as the proceptual world) 
individuals start using procedural actions, such as symbols, in order to encapsulate mental 
conceptions into concepts. These symbols correspond to both concepts and Processes. All 
three, symbols, processes, and concepts, are referred to by Gray and Tall (1994) as 
procepts. In the third world (referred to as the formal world), formal definitions and 
axioms are used to convey properties. Individuals move back and forth between the three 
worlds based on their experiences and needs during which their concept mental 
representations are formed and modified.  
Cottrill, Dubinsky, Nichols, Schwingendorf, Thomas, and Vidakovic (1996) 
consider that in order to learn the concept of “limit of a function” an explorative approach 
should be used starting with the use of tables, which include the values of a function, and 
graphs and later with the use of entities that can be expressed symbolically.  Moreover, 
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Hiebert and Carpenter (1992) as well as Dreyfus (1991) believe that individuals can 
better understand any mathematical concept through creating more connections between 
mental representations.  
2.2 Calculus and Limits 
Tall (1992b) emphasizes that calculus represents a mixture of diverse approaches 
in different curriculums around the world, some of which are:  
1. Informal calculus: “informal ideas of rate of change and the rules of 
differentiation with integration as the inverse process” (p.1), in addition to applications of 
integration such as calculation of areas and volumes.  
2. Formal analysis: “formal ideas of completeness,   definitions of limits, 
continuity, differentiation, Riemann integration, and formal deductions of theorems such 
as mean-value theorem, the fundamental theorem of calculus etc.” (p.1). 
3. Ideas about infinitesimal related to a non-standard analysis basis. 
4. Several computer based manipulation facilities including numerical, graphical, 
and symbolic ones 
According to Tall and Vinner (1981) and Williams (1991), the words 
“approaching/getting close to” that are used to express the dynamic images of a limit do 
not convey accurately the mathematical indication of the concept.  
According to Roh (2008), individuals’ mental images of limits are endorsed in 
their earlier learning experiences prior to the formal rigorous definition. Such dynamic 
mental images change into concept images that individuals keep on using even after the 
introduction of the definition.  
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Several studies confirm that a full understanding of the concept of limit is 
relatively rare (Williams, 1991; Davis &Vinner, 1986; Sierpinska, 1987; Tall, 1980; 
Cornu, 1981; Tall &Vinner, 1981). Also, the understanding of several concepts in 
calculus such as continuity, differentiation, and integration depends to a great extent on 
the understanding of the concept of a function in general and its limit in particular 
(Ervynck, 1988; Williams, 1991).  
Moreover, the concept of limit is important for developing mathematical thinking 
for other disciplines and subjects and for practicing mathematical rigor (Ferrini-Mundy & 
Lauten, 1993; Tall, 1992a).This justifies the need for further and continuous research 
related to the concept. 
One of the main pillars of Calculus is the concept of Limit. This concept requires 
a type of calculation that cannot be performed using simple algebra and arithmetic (Tall, 
1993). It also includes infinite processes that can only be performed using indirect 
arguments (Tall, 1992b). 
According to Juter (2007), different Students deal with such a concept in different 
ways based on their conceptual development. They are required to have specific 
abstraction skills in order to be able to understand the concept of “limit of a function”. 
Some students cannot be persuaded that arguments and proofs are of any importance; 
hence they need special instructions that help them make sense of mathematical concepts. 
Other students cannot work on mathematical concepts without formal structures. 
Rigorous definitions provide such students with specific criteria that can help them create 
mathematical arguments, for example proving the existence of a certain limit. Educators 
must make sure not to underestimate the importance of rigor and formal definitions. 
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Szydlik (2000) suggests that “calculus should be taught in an informal manner that allows 
students to discover the important ideas, or presented to students as rigorous and 
structured” (p.274).  
2.3 Research on Limits and the Difficulties/Obstacles that Students face 
Tall (1990) confirms that tentative analyses of students’ conceptions reveal 
primary inadequacies. Students bring pre-mathematical knowledge and experiences into 
the classroom, which influences their understanding and perception of mathematics in 
general and of new concepts in particular. According to Juter (2005), “when students 
learn a new mathematical concept or learn something further about an already known 
concept, they have to draw on parts of what they have already learned or perhaps draw on 
related concepts” (p. 91).  
Sfard (1991) claims that it is essential to refer to the process of concept 
development when deciding to address mathematical objects. According to Sfard (1991), 
operational rather than structural form is the main focus in the early stages of learning 
any concept. For example, the notion of infinity, which is one of the main focuses while 
learning the concept of limit, is not considered in the early stages of learning the concept. 
Students first approach the concept intuitively without full understanding, then as the 
learning process matures their understanding becomes more solid. Pehkonen, Hannula, 
Maijala, and Soro (2006) consider infinity as an inspiring but rather difficult concept for 
both mathematicians and students. Since the infinity concept is directly related to the 
concept of limits, any misconception of the former concept can hinder proper 
understanding of the latter one. 
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Juter (2007) considers that understanding the “termination of an infinite procedure 
as a finite object such as 1
1
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1
sin(
lim 

x
x
x
” is challenging to individuals and hard to 
understand.  
Dubinsky, Weller, McDonald, and Brown (2005) use the APOS theory to 
distinguish between potential and actual infinity. The APOS theory regards potential 
infinity as “the conception of the infinite as a process” (p. 263), and actual infinity as “the 
mental object obtained through encapsulation of that process” (p. 263). Based on APOS 
analysis, students can comprehend the infinite as a completed totality once they can 
visualize all the steps of the process as one operation which can be carried out and 
completed. Encapsulating this totality can lead to the transformation of potentiality into a 
case of actual infinity where actions are applied. Hence, potential and actual infinity 
correspond to two cognitive conceptions that are different but can be related through the 
use of encapsulation’s mental mechanism. These cognitive conceptions and the relation 
between them create the infinity Schema in a student’s mind.  
Katz (1998) states that the notion of “limit of function” took many centuries to 
develop until it reached the present level of stringency. Mathematicians have faced 
several difficulties with this concept due to several reasons. Some of these reasons are 
related to the development of the concept through time. As for Furinghetti and Radford 
(2002), they suggest that an evaluation of the historical development compared to the 
conceptual development of students can be informative and useful despite some 
methodological and theoretical complications that emerge due to the fact that psychology 
and history belong to two different domains. Moreover, the historical development of the 
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concept can help in inspiring students in learning mathematics(Bartolini Bussi & 
Sierpinska, 2000; Grugnetti & Rogers, 2000). According to Bagni (2005), historically, 
potential and actual infinity are both ancient notions. Aristotle (384-322 BCE) was the 
first to distinguish the two notions, but he considered mathematical infinity as just 
potential and refused actual infinity. The hidden opposition between the two became 
apparent only after calculus was originated.  
The most frequently mentioned obstacle that students face while developing a 
dynamic notion of limit is the idea whether a limit is actually attained or not. Ervynck 
(1988) and Williams (1991) on the other hand agree that the main obstacles arise when 
students try to pass from a “dynamic or process conception” of limit to a formal 
understanding of the concept. Other researchers argue that in order to develop a formal 
understanding, a solid “dynamic conception” is a must (Cottrill et al., 1996; Davis 
&Vinner, 1986; Orton as cited in Artigue, 1992).   
However, although different researchers tried to develop and create instructional 
methods that can help students visualize and properly use and evaluate limits accurately; 
students still face difficulties while learning the rigorous definition of limits due to the 
dynamic images that they created prior to the introduction of the definition (Roh, 2010).  
According to Barbe, Bosch, Espinoza, and Gascon (2005), some of the obstacles 
that students face while coming to understand the concept of limits materialize when they 
start using limits to solve mathematical problems. Other obstacles emerge due to the way 
mathematical knowledge is planned to be taught in textbooks official syllabi. Two basic 
restrictions are associated with such obstacles: Didactic restrictions and restrictions 
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related to mathematical knowledge and the way it is presented in official syllabi and 
textbooks as well as the way it is taught in classrooms 
Other types of obstacles create difficulties for students when trying to understand 
the concept of “limit of a function”.  According to Cornu (1991), these obstacles are 
divided into three types:  
 Genetic and psychological obstacles which arise as a result of the students’ personal 
development; 
 Didactical obstacles which arise due to the teacher and the teaching methods; 
 Epistemological obstacles which arise due to the mathematical concepts themselves, 
such as: (a) failure to link numbers with geometry, (b) lack of understanding of 
infinitely large and small numbers, (c) the metaphysical characteristic of the concept 
of limit, and (d) the question “is the limit attained or not?”  
As for Tall (1992b), the concept of “limit of a function” generates several 
cognitive difficulties some of which are related to:  
 Language difficulties (Monaghan, 1991); terms such as “limit”, “tends to”, 
“approaches”, ‘as small as we please” have informal meanings that conflict with 
their meanings in mathematical contexts.  
 The notion that simple algebra and arithmetic cannot be used to perform the limit 
process. 
 The difficulty of understanding the concept of infinite numbers and infinitesimal 
concepts. 
 The confusion that arises when passing from finite to infinite and understanding 
what occurs at infinity. 
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 The difficulty that students face when questioning whether the limit can actually 
be reached. 
Moreover, Tall (1992b) discusses other issues in calculus that he considers worthy of 
analyzing due to their effect on understanding the concept of “limit of a function” such as 
students’:  
 Preference to use procedural methods over conceptual understanding. 
 Inability to understand functions which occurs when students are faced by 
problems a bit past their usual experiences. 
 Difficulties in modeling real life problems and formulating them into 
mathematical notations. This is due to the fact that the focus of many calculus 
exams is on symbolic manipulation rather than problem solving. 
 Inability to understand new complex concepts in a limited time. This usually 
happens at the college level. The concepts in calculus change with time. A limit 
might start as an innate process of “getting close”, the definition “epsilon-delta” 
comes into the picture, but after the proving of several theorems the definition is 
concealed and the theorems are used instead. This causes students to deal with 
diverse meanings of the concept while trying to cope with the transition between 
the different stages.  
 Inability to choose appropriate representations. Flexibly using various approaches 
such as visual, symbolic, and numeric helps students to be more successful in 
solving limit related questions. However, most teachers adopt symbolic and 
numeric approaches rather than a visual approach due to the way the concept has 
been taught over the years. Students are also reluctant to use the visual approach 
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although the usage of visual representations can make solving certain problems 
much easier (Dreyfus, 1991).  
Tall (1992b) mentions several hypotheses that suggest ways that might help students 
improve their understanding of calculus concepts, some of which include: “active 
learning, build up intuitions suitable for later formalizations, computer graphics, 
computer programming, and symbol manipulators” (p.8). He also suggests that in order 
to improve learning it is better to have a positive attitude while developing a theory of 
“cognitive development” rather than searching for difficulties and trying later to avoid or 
reduce them.  
Sierpinska (1987) relates epistemological obstacles to four notions: (a) scientific 
knowledge, (b) infinity, (c) function, and (d) real numbers. Moru (2008) agrees on most 
of the epistemological obstacles mentioned by Cornu (1991) and links these obstacles to 
the: 
 Limited conception of numbers. 
 Focus on the generic (common) notion of limits rather than their mathematical 
notion. 
 Use of “equal” sign that comprises the symbolism, which creates a structural 
problem related to the construction of a formula. Since the “equal” sign used with 
limits is not used in the same sense as in any equation or formula. 
Tall (1990) recommends the usage of computer software and programming to 
provide students with an open forum that can help them in overcoming the cognitive 
conflicts, which are an essential part of the human nature, that arise while learning some 
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mathematical concepts such as the concept of limits. He also suggests that such a method 
requires a fundamental reform of the mathematics curriculum.  
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CHAPTER THREE 
RESEARCH DESIGN AND METHOD 
3.1 Research Context 
 The study takes place at a mixed private school located in Beirut, Lebanon. The 
chosen school provides education from K to 12 and is commonly considered to be a 
“good / well-achieving” school based on its students’ results in the national exams. The 
students are mostly from Beirut and its suburbs and belong to the average socio-
economic class. The school adopts the National Lebanese Curriculum, but the textbooks 
used are not the national ones developed by ECRD. The school uses a local textbook 
series composed by Lebanese authors and edited, arranged, printed and distributed by a 
local Lebanese press. According to the rules of the Ministry of Education, these 
textbooks have been officially approved by ECRD and considered adherent to the 
national curriculum. 
 The conducted research is a qualitative study based on curriculum and textbook 
analysis, class observation of instructional methods and students’ class work during the 
lessons on Limits in Grade 11, analysis of two tests, as well as a questionnaire and post-
test developed to analyze students’ conceptual understanding and retention of the concept 
a year after instruction (in Grade 12).The study took course over two academic years. 
3.2 Sampling and Participants 
 The study extended over two academic years. It used a convenience purposive 
sample. The first year’s participants were a grade 11 class (students and teacher) in a 
Sciences track class in the chosen school. The participants are chosen due to the 
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convenience of access to the school. The number of student participants was 24 students, 
nine girls and 15 boys. Their age ranged from 15 to 17 years.  
The second year’s participants were grade 12 students in two classes, General 
Sciences and Life Science tracks in the same school. The two chosen classes included, in 
the second year of research, the first year’s participants together with other students who 
had been, in the first year, in the other section of grade 11 Sciences track in the same 
school. The total number of participants in the two classes was 36 students. Table 1 
shows how the students in grade 12 are distributed. 
Table 1: Number of students in Grade 12, General Sciences and Life Sciences tracks. 
  Track Number of 
Boys 
Number of 
Girls 
Number of 
Students 
Grade 11 Sciences 15 9 24 
Grade 12 
General Sciences 10 6 16 
Life Science 9 11 20 
Total Grade 12 19 17 36 
 
 The class instructor holds a BS degree in pure math from the Lebanese University 
and a Masters’ degree in math education from a reputable Lebanese university with 
American type education. She has 18 years of teaching experience which includes: 
teaching Mathematics to grades 10, 11, and 12 (American and Lebanese system), and 
coordination for Grades 7 to 12 for both systems. 
 She uses a mixture of teaching methods and strategies in her classroom. These 
include explaining, lecturing, questioning, demonstration, collaboration, problem solving, 
drill and practice, reflective discussion as well as computer assisted instruction. 
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3.3 Procedures 
 The conducted research is a qualitative study based on curriculum and textbook 
analysis, class observation of instructional methods and students’ class work, analysis of 
two tests, as well as a post-test and a questionnaire developed to analyze students’ 
conceptual understanding and retention of the concept after a year from instruction.  
3.3.1 Curriculum analysis 
 The development of the concept in the Lebanese National Curriculum and 
textbook is analyzed as to the flow of information and representations used in order to 
investigate if the scope and sequence, content, or chapter structure and exercises, could 
be a source of possible obstacles. 
 The first part of the curriculum study is a descriptive analysis of the curriculum, 
consisting of information about the Lebanese Mathematics curriculum starting with its 
philosophy expressed in the introduction and general objectives. It also includes a 
discussion of the objectives of secondary education science sections calculus curriculum 
and the place of limits in it as well as a discussion of its scope and sequence, and how the 
content (mainly limits) of the second year secondary calculus (science sections) is related 
to the first and third years.  
 The second part of this analysis is related to the textbook utilized in the 
participating class. It is divided into two sections: descriptive and analytical. The 
descriptive section includes the structure and flow of the chapter “Limits”, regarding 
sections included, and how the concept is developed throughout the chapter. The 
analytical part aims to investigate the instances in chapter where difficulties may be 
created or overcome. It is based on a framework based on Tall’s (1992b), Cornu’s (1991) 
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and other math educators’ views of the difficulties and “cognitive obstacles” of learning 
the concept of limits. This analysis is conducted for each section of the chapter: 
“Course”, “Examples” in the “Course” section, “Exercises and Problems”. 
3.3.2 Class observation 
 The class observation, during the first year of the study, is used to describe the 
instructional method/s, strategies, and materials used by the teacher in teaching limits of 
functions, as well as students’ participation, work and the nature of the difficulties they 
face while learning the concept, according to the framework, based on Tall’s (1992b), 
Cornu’s (1991) and other math educators’ views of the difficulties and “cognitive 
obstacles” of learning the concept of limits.. The class observation has been conducted 
during all the sessions of work on limits (15 sessions, 50 minutes each)as well as the first 
4 sessions (50 minutes each) on the concept of derivatives (Grade 11 Science track).  
An observation log is used as an instrument to identify and classify the types of 
obstacles and difficulties that the students face while learning the concept of “limits of a 
function”. The log was organized based on the expected obstacles that are categorized 
according to Cornu’s “cognitive obstacles” as well as the related difficulties. It was used 
as an instrument to record a thorough observation of students’ interactions during the 
teaching / learning sessions. Detailed notes of the exercises and problems tackled and 
student-student and student-teacher discussions, were taken session by session. These 
notes include all the instances where students faced difficulties while dealing with the 
concept inside the classroom. Types of obstacles and difficulties were derived from the 
observation log and categorized based on the framework. 
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3.3.3 Formative tests 
 Two tests, Test1 and Test2, (Appendices A and B) were prepared by the class 
teacher as formative assessment instruments, during the first year of the study, and 
constructed to evaluate students’ abilities of solving problems related to the concept of 
limits. The two tests are analyzed to identify students’ types of errors reflecting specific 
difficulties and obstacles that the students may have encountered during the sessions. The 
tests are also analyzed to uncover the evolution of students’ conceptual understanding 
between the first test and the second one. The first test was administered immediately 
after the end of instruction on the concept of limit as an object of instruction, while the 
second one was administered a few sessions after the introduction of two other related 
concepts (derivatives and differentials) in which the concept of limit is used as a 
mathematical tool. Twenty-five days separated the administration of the two tests. So 
they also serve to check whether duration has an effect on the students’ difficulties.  
The first test includes questions that are directly related to the concept of limits: 
finding limits, continuity and asymptotes; whereas the second includes both, questions 
directly related to limits and other questions where the concept is applied in order to help 
in solving mathematical problems: derivatives, differentiability, tangents, finding 
coordinates, and finding areas. Conceptual a priori analyses of both tests are included in 
the analysis section of the research and incorporate detailed possible solutions of all the 
questions in both tests, possible errors that students might make while solving each 
question and their meaning regarding difficulties. They also include the skills needed and 
the concepts involved in order to solve each question. 
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3.3.4 Post-test and Questionnaire 
 The post-test (Appendix C) and the questionnaire (Appendix D) were 
administered the second year of the study to Grade 12 General Sciences and Life 
Sciences sections in order to analyze students’ retention, conceptual understanding and 
ability to apply the concept of “limit of a function”, as well as students’ perceptions of 
the concept of limit and their difficulties, almost a year after instruction.  
The questionnaire includes three subjective questions that aim to investigate the 
meaning that students attribute to the concept of limit as well as the types of difficulties 
that the students may have faced while learning the concept. 
The post-test includes different types of mathematical questions and test items 
involving limits. It includes: “True or False”, multiple choice as well as problem solving 
questions. The students are asked, in all test items, to show their work and explain their 
choices. The questions are developed and categorized based on Cornu’s “cognitive 
obstacles” (1991).  
A conceptual a priori analysis of the post-test is included in the analysis section of 
the research and incorporates detailed solutions of all the questions in the test, possible 
errors that students might make while solving each question and their meaning regarding 
difficulties. They also include the skills needed and the concepts involved in order to 
solve each question. 
3.4 Data Analysis Framework 
The current study intends to explore and categorize the difficulties that students 
face while learning and working with the concept of “limit of a function” and then relate 
them to possible obstacles that may have created these difficulties. The analysis thus 
34 
 
necessitates taking into consideration the difficulties and obstacles investigated in 
previous research and documented in the literature. 
Although the current study will benefit from frameworks of obstacles and lists of 
difficulties used by other researchers in order to create a reliable data analysis framework, 
it is essential that some adaptations be made to the chosen framework in order to suit the 
current context.    
Cornu’s (1991) framework will be globally adopted. It concentrates on 
epistemological obstacles which arose through the historical development of the concept, 
and due to the mathematical concept itself, such as:  
 The failure to link geometry with numbers  
Cornu refers to the geometrical “method of axhaustion”, historically used four 
centuries BC, and credited to Eudoxus of Cnidos, to identify an obstacle related to “the 
failure to link geometry with numbers”. He states that, even though the exhaustion 
method seems to be very close to the notion of limit, the Greeks were not able at that time 
to go further than the geometrical and exceed it to a numerical processing of the concept. 
“…There is no transfer from geometrical figures to a purely numerical 
interpretation, so the unifying concept of limit of numbers is absent. The 
geometrical interpretation, and its success in resolving pertinent problems, is 
therefore seen to cause an obstacle which prevents the passage to the notion of 
a numerical limit.” (p. 160) 
 
 The notion of the infinitely large and infinitely small 
Cornu introduces a few questions that were confusing to mathematicians throughout 
history. For example, “is it possible to have quantities which are so small as to be almost 
zero, and yet not having a specific ‘assignable’ size? What happens at the instant when 
one of these quantities becomes zero?”. These types of questions which remained 
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imposing are, according to Cornu, epistemological obstacles that are prone to create 
many difficulties to modern students: 
“… [Students] often view the symbol Ɛ as representing a number which is not 
zero yet is smaller than any positive real number. In the same way individuals 
may believe that 0.999… is the ‘last number before 1’ yet is not equal to one. 
There is a corresponding belief in the existence of an integer bigger than all 
the others, yet which is not infinite.” (p. 161) 
 
 The metaphysical aspect of the notion of limit 
 
The notion of limit seems to rather belong to philosophy or metaphysics. It is an 
elusive notion that does not abide by the usual exactitude of mathematics. While 
explaining the different aspects of difficulty this metaphysical aspect of the notion of 
limit may cause to today’s and every time’s students, Cornu (1991) provides some quotes 
from interviews with students: 
“… ‘It is not really mathematics’, because the initial stages of calculus no 
longer rely purely on simple arithmetic and algebra. The students may have 
difficulties handling the concept of infinity, ‘it isn’t rigorous, but it works’… 
‘it doesn’t exist’, ‘it is very abstract’, ‘the method is all right, provided you are 
content with an approximate value’. This obstacle makes the comprehension 
of the limit concept extremely difficult, particularly because a limit cannot be 
calculated directly using familiar methods of algebra and arithmetic.” (p. 161) 
 
 Is the Limit attained or not?  
This is a debate which has lasted throughout the history of the concept. … According 
to Cornu, “this debate is still alive in our students”. The debate is identified throughout 
the history of the notion of limit. Some mathematicians argued that the limit can never be 
attained. Cornu (1991) cites the examples of D’Alembert and of Robins; for the latter, 
‘the limit never coincides, or never becomes equal to the quantity to which it is the limit’ 
(p. 162), and the latter gives the name of ‘ultimate magnitude to the limit which a 
variable approaches as near as we would like, but to which it cannot be absolutely equal’. 
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He contrasts this view with Jurin’s idea that ‘it is not a question whether the increment is 
zero, but that it is disappearing, or on the point of vanishing’. (p. 161) 
This study will consider these obstacles while analyzing the errors of students and 
trying to detect the difficulties they face while learning the notion of limits. In addition to 
that, the researcher added other difficulties that may be due to previous knowledge of 
topics related to the concept of “limit of a function” which include: solving equations and 
inequalities, dealing with variables, factoring, dealing with radicals, powers, and absolute 
values.   
Students’ errors in the three tests will be evaluated and then linked to possible 
difficulties that will be categorized in relation with the above-mentioned obstacles. 
The analysis in this study will also be guided by aspects of difficulties previously 
identified by other scholars in the literature more specifically Tall (1992b) 
Inspired by other mathematics educators’ works, Tall has set a list of difficulties 
that he compiled and paraphrased from those works (Tall, 1992b, p.2) 
“• difficulties embodied in the language; terms like ‘limit’, ‘tends to’, 
‘approaches’, ‘as small as we please’ have powerful colloquial meanings that 
conflict with the formal concepts, 
• the limit process can not be performed by simple arithmetic or algebra, infinite 
concepts arise and the whole thing becomes ‘surrounded in mystery’, 
• the process of ‘ a variable getting arbitrarily small’ is often interpreted as an 
‘arbitrarily small variable quantity’, implicitly suggesting infinitesimal 
concepts even when these are not explicitly taught, 
• likewise, the idea of ‘N getting arbitrarily large’, implicitly suggests conceptions 
of infinite numbers, 
• students often have difficulties over whether the limit can actually be reached, 
• there is confusion over the passage from finite to infinite, in understanding 
‘what happens at infinity’” (p. 2). 
 
Sierpinska (1987) 
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Sierpinska attributes epistemological obstacles concerning limits to four main 
sources: Scientific knowledge, infinity, function, and real number. 
 Scientific knowledge 
The differences between the evolutionary nature of development of scientific 
knowledge through its history, and the way concepts are taught at school as a finished 
product, cause, according to Sierpinska, main obstacles. “… the ‘natural order’ of the 
growth of scientific knowledge is from action, through formulation and validation, to 
institutionalization. But in school we are not inventing new knowledge; we are teaching 
institutionalized knowledge most of the time”. She even relates this source of obstacles to 
the two different perceptions of mathematics: “Mathematics is an empirical science”, as 
opposed to “Mathematics is a formal game on symbols; proving theorems is its main 
goal” (Table, Fig.2, p.373) 
 Notion of Infinity 
In harmony with other theoreticians’ views, Sierpinska considers that nature and 
meaning of infinity may create an obstacle to the understanding of the notion of limit. 
She presents, in the same table, three possibilities: “Infinity does not exist, Infinity exists 
only potentially, Infinity is tamed and its metaphysical aspect is eliminated” (Table, 
Fig.2, p.373) 
 Notion of Function 
The various aspects of the concept of function are also presented by Sierpinska: “Time is 
the universal independent variable, the function is reduced to the set of its values, the 
function is reduced to its analytical expression which always exists” (Table, Fig.2, p.373) 
 Real number  
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“The lack of a uniform concept of real number” is, according to Sierpinska, a 
source of epistemological obstacles to the understanding of limit. 
 So, the final framework will include Cornu’s four epistemological obstacles: (a) 
The notion of the infinitely large and infinitely small, (b) the failure to link geometry with 
numbers, (c) the metaphysical aspect of the notion of limit, and (d) Is the Limit attained 
or not?  
The framework will also include difficulties identified by Tall and obstacles 
identified by Sierpinska:  the fact  that simple algebra and arithmetic cannot be used to 
perform the limit process, the confusion that arises when passing from finite to infinite, 
lack in  previous knowledge including: procedural skills, conceptual understandings, as 
well as difficulties caused by language, the focus on the common notion of limits rather 
than their formal mathematical notion and the use of the “equal” sign that comprises the 
symbolism, which creates a structural problem related to the construction of a formula.  
A list of difficulties is developed, compiled from these frameworks, and presented 
in the “Findings” chapter to guide the analysis of data obtained from the different 
instruments. 
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CHAPTER FOUR 
FINDINGS 
 This chapter presents the findings, results of the analysis of the different types of 
data collected during the research study. It includes six sections, the first one setting the 
bases of analysis. Each of the four other sections is based on the results of analysis of a 
different set of data. 
 The first section of the chapter presents a framework for analysis, compiled from 
the different frameworks identified in the literature, as well as from the observations and 
a preliminary examination of data. This framework takes the form of an organized list of 
difficulties and/or common and most noticed perceptions of the notion of limit and 
related concepts. 
 The second section, the “Curriculum Analysis” provides an exploration of the 
general foundations of the Lebanese curriculum, as presented in the curriculum document 
(ECRD, 1997), regarding its pedagogical orientation and approach. It also presents a 
description of the structure and content of the “Secondary Education – Calculus” part. A 
more detailed description and analysis of the grade-11 textbook chapter on Limits 
attempts to investigate the flow of instruction and its approach, the representations used, 
the information and definitions taught, and to connect instances from this analysis to 
potential difficulties that students may face while learning limits 
 The third section “Class Observation” presents the results of the class 
observations, through the analysis of the observation log. Teacher’s interventions and 
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teaching strategies and methods are analyzed for finding sources of potential difficulties, 
and students’ interventions and questions are analyzed as indicators of possible 
difficulties. 
 The fourth section “Formative Tests” includes an analysis of the two tests 
administered during instruction, at different moments, Test1 and Test2 (Appendices A 
and B respectively). The first part of this section incorporates an a priori analysis of each 
test. The a priori analysis includes a brief explanation of each chosen question in each 
test. A more detailed a priori analysis of each test is included in an appendix (Appendix E 
and Appendix F for Test1 and Test2 respectively), including a table that presents: the 
questions of the test, their solutions, concepts and skills involved, and potential 
difficulties associated to each.  
 Since Test1 questions are all directly related to the concept of limits, i.e. finding 
limits, continuity and asymptotes, the whole test is examined in the a priori analysis and 
students’ work on the whole test is analyzed; whereas, since Test2 includes both, 
questions directly related to limits and other questions where the concept is applied in 
other types of questions about derivatives, differentiability, tangents to graphs, finding 
coordinates, and finding areas, which are beyond the scope of this study, only the 
questions directly related to limits are examined in the a priori analysis and students’ 
work on those questions is analyzed.  
 The fifth section “Post-Test” includes an analysis of the post test, administered 
one year from instruction (Appendix C). The first part of this section incorporates an a 
priori analysis of the test. The a priori analysis includes a brief explanation of each 
chosen question. A more detailed a priori analysis is included in an appendix (Appendix 
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G), including a table that presents: the questions of the test, their solutions, concepts and 
skills involved, and potential difficulties associated to each.  
 The sixth section presents the results of analysis of the questionnaire (Appendix 
D), administered a year from instruction, at about the same time the post-test was 
administered. The aim of the questionnaire was to investigate the students’ perceptions of 
the concept of limit, the meanings that they attribute to it, and their perceptions of the 
difficulties they faced in learning it. 
4.1 Framework for Analysis 
 This section presents a framework for analysis. This framework takes the form of 
an organized list of difficulties, and common / most noticed perceptions of the notion of 
limit and related concepts, compiled from the different frameworks identified in the 
literature, together with some of the different conceptions observed and sensed during the 
observation and a preliminary exploration of data, related to different notions related to 
limits. 
(D1) Insufficiency of simple arithmetic or algebra and shift in symbolism 
(d1) Algebra and arithmetic are not enough anymore.  
(d2) Sometimes algebra and arithmetic cannot even be used, otherwise they would 
lead to errors. The concept of limit requires a type of calculation that may counter 
simple algebra and arithmetic 
(d3) Concepts related to infinity arise and the whole context becomes ‘surrounded in 
mystery’ 
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(d4) The “equal” sign after the expression “limit” sign does not resemble its old 
meanings. It refers to something else, hence the difficulty. For instance, the 
“equal” sign in “f(x)=expression” has a different significance than f(3)=32or f(a+). 
Same for 
1
0+
 =infinity, which has a yet different meaning than either one of the 
above. The same confusion applies to the meaning of = in 
1
0
 = infinity 
(d5) The use of the 4+symbol is unlike its use in the algebra context, hence is prone to 
confusion 
(d6) Resolving an indeterminate form to obtain a finite object such as 1
1
)
1
sin(
lim 

x
x
x
 
(d7) Sometimes for convenience, infinity is considered as a number, and it seems 
legitimate to talk about operations on limits involving infinity(the sum, difference, 
product, etc. of limits).This duality in the nature of infinity is confusing to 
students and may be a source of misconceptions and difficulties. 
(D2) The notion of the infinitely large and infinitely small 
(d1) Students often view the symbol Ɛ as representing a number which is not zero yet 
is smaller than any positive real number 
(d2) The infinitely small is often alluded to, either as the inverse of infinitely large, or 
as the distance between x and 4 when x approaches 4. In that case, the distance 
between them approaches 0.  
(d3) Belief in the existence of an integer bigger than all the others, yet which is not 
infinite 
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(d4) The process of ‘a variable getting arbitrarily small’ is often interpreted as an 
‘arbitrarily small variable quantity’, implicitly suggesting infinitesimal concepts, 
even when these are not explicitly taught, 
(d5) Likewise, the idea of ‘N getting arbitrarily large’, implicitly suggests conceptions 
of infinite numbers, 
(d6) There is confusion over the passage from finite to infinite, in understanding ‘what 
occurs at infinity’ 
(D3)The metaphysical aspect of the notion of limit 
(d1) The belief that it is not really mathematics 
(d2) Limit cannot be calculated directly using familiar methods 
(d3) Dealing with limit related problems is not a rigorous process 
(d4) The concept of limit is very abstract 
(d5) the method of calculating limits is all right, provided you are content with an 
approximate value 
(d6) Confusion over ideas such as 3.99999 is not 4, nor is it 3.99  
(d7) A long operation is conducted, the result of which may be: “sorry, the limit does 
not exist” 
(d8) The distinction between 
1
0+
 and lim
𝑥→0
1
𝑥
 seems to remain at the metaphysical level. 
We are not sure whether students may understand that in one case a value is 
attained and in the other it is not. 
(D4) Is the Limit attained or not? 
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(d1) Tendency is seen as when a variable approaches a value as near as we would like, 
but to which it cannot be absolutely equal 
(d2) It is not a question whether the difference is zero, but that it is disappearing, or on 
the point of vanishing 
(d3) When we say x=3.9999999 then y=f(x)=x2=15.99999999, here we have a 
“double” difficulty. Neither is x reaching 4, not is y reaching 16. So this difficulty 
is double-folded 
(d4?) The distinction between 
1
0+
 ,  
1
0.00000001
 ,
1
−0.0000000001 
 , 𝑎𝑛𝑑 lim
𝑥→0
1
𝑥
 seems to 
remain at the metaphysical level. We are not sure whether students may 
understand that in one case a value is attained and in the other it is not. 
(D5) Difficulties embodied in the language  
(d1) Terms like ‘limit’, ‘tends to’, ‘approaches’, ‘as small as we please’ have powerful 
colloquial meanings in everyday situations that conflict with the formal concepts, 
(d2) The limit in daily use is always reachable, for example: when we say my limit is 
the door, I can reach the door and even touch it. The limit in mathematics is not 
always reachable 
(d3) The use of the “equal” sign which implies different meanings (a formula, a rule, a 
quantity to calculate, an equality, an equation, etc.) 
(d4) Approximations rather than exact equalities. For example: when we write 
lim
𝑥→𝑎
𝑓(𝑥) = 𝑏, and 𝑏 in not part of the function’s graph or when we write 
lim
𝑥→𝑎
𝑓(𝑥) = ∞ 
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(d5) When the x and y axes are said to have a “positive and negative sense”, which 
will later justify the use of the symbol 4+ or 4-. (This sort of terminology imbeds 
within the allusion that “increasing sense” or “east bound” is referred to as 
positive sense). This same terminology is adopted for the “table of variation” so 
growing is positive and shrinking is negative. We know that a more natural 
reference would be > and < or up arrow and down arrow, rather than + and -, 
which refer to adding and subtracting, rather than to a direction. So when the 
symbol x (forward arrow ) 4- is adopted, it is bound to create a confusion, since 
the forward arrow contradicts the “minus” symbol. One is forward, the other is 
backward. 
-“Indeterminate” is not explained as it should be: there is a lot of potential for this 
form that were overlooked. 
(D6) Teaching approach and use of representations  
(d1) Inability to choose appropriate representations 
(d2) Most teachers adopt symbolic and numeric approaches rather than a visual 
approach due to the way curricula and textbooks were designed, and the concept 
has been taught over the years 
(d3) Students are also reluctant to use the visual approach although the usage of visual 
representations can make solving certain problems much easier 
(d4) Preference to use procedural methods over conceptual understanding 
(d5) The concepts in calculus change with time. A limit might start as an innate 
process of “getting close”, the definition “epsilon-delta” comes into the picture, 
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but after the proving of several theorems the definition is concealed and the 
theorems are used instead. This causes students to deal with diverse meanings of 
the concept while trying to cope with the transition between the different stages 
(d6) Students face difficulties while learning the rigorous definition of limits due to the 
dynamic images that they created prior to the introduction of the definition 
(d7)In the case of a piece-wise function, the different equations representing f are 
always vertically aligned per sub-domain, whereas the graphs they represent are 
horizontally aligned.  
(D7) The failure to link geometry with numbers 
(d1) Often there is no transfer between geometrical-graphical figures and a purely 
numerical interpretation 
(d2) The geometrical-graphical interpretation, and its success in resolving pertinent 
problems, is seen to cause an obstacle which prevents the passage to the notion of 
a numerical limit 
(d3) Some students cannot be persuaded that arguments and proofs are of any 
importance, when they see the solution on a graph 
(D8) Scientific knowledge 
(d1) Scientific knowledge usually develops from action to formulation and validation, 
to institutionalization. This development is neglected in teaching in general, and 
especially in teaching limits 
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(d2) The institutional pressures (official exams for example, or time allotted to each 
lesson) shape what we teach and how we teach 
(d3) The perception that mathematics is an empirical science 
(d4) The perception that mathematics is a formal game on symbols; proving theorems 
is its main goal 
(D9) The notion of function 
(d1) Understanding the concept of limit depends to a great extent on the understanding 
of the concept of a function 
(d2) The function is reduced to the set of its values 
(d3) The function is reduced to its analytical expression which always exists 
(d4) Confusions created by the significance of the “equal” sign in the expression 
f(x)=expression.  
(d5) In the case of a piece-wise function, the different equations representing f are 
always vertically aligned per sub-domain, whereas the graphs they represent are 
horizontally aligned.  
(D10) Prerequisite knowledge of topics related to the concept of “limit of a function” 
(d1) Lack of a uniform concept of real number 
(d2) Lack of understanding of the density property of the set of real numbers 
(d3) solving equations and inequalities 
(d4) Dealing with variables 
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(d5) Factoring 
(d6) Dealing with radicals 
(d7) Powers 
(d8) Absolute values 
(d9) Fractions 
(d10) Equation of a straight line 
4.2 Curriculum and Book Analysis 
This section includes a descriptive analysis of the Lebanese national curriculum 
of calculus for Grade 11 Sciences track and its relation with previous and subsequent 
grades, grades 10 and 12 respectively. In addition this section includes a descriptive and 
analytical analysis of the “Limits” chapter in the mathematics textbook used by the 
school under research.   
4.2.1 Curriculum Analysis 
4.2.1.1. Summary of Introduction and General Objectives of the Curriculum: 
The Lebanese curriculum document (ECRD 1997) starts with an introduction 
reflecting the philosophy of the curriculum and the recommended pedagogical approach. 
Mathematics is seen, in this introduction, as an essential building block of the society. 
The curriculum sets as its mission to form a citizen capable of critical thinking and 
intellectual autonomy, thus the alterations along the three following axes: 
 New formulation of the objectives 
 Remodeling of contents  
 Suitable choice of methods  
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 The general objectives of the curriculum are: 
 Mathematical Reasoning: Training students to construct arguments and evaluate 
them, develop critical thinking and proofs. 
 Problem Solving: Solving mathematical problems related to real life situations. 
 Mathematical Connections, whether to other disciplines or to everyday life, 
through responding to the modern society’s demand. 
 Mathematical Communication: Training students to communicate 
mathematically. 
 Valuing Mathematics: Giving students the chance to appreciate mathematics as 
more than just a utilitarian science. 
4.2.1.2 Objectives of the Secondary Cycle: 
 The main objectives of the Secondary level of the scientific track are organized 
according to the following: mathematical reasoning, problem solving, communication, 
spatial, numerical and algebraic, calculus, and statistics and probability. It is noticed that, 
while the last four relate to mathematical contents, the first three relate to mathematical 
processes that permeate all contents and connect the secondary-level objectives to the 
general objectives of the curriculum.  
 This study is concerned with the “calculus” content and with the process 
objectives, as they reflect the mathematical abilities targeted by the curriculum for any 
content, including calculus. 
  Mathematical Reasoning 
 According to the curriculum document, it is based on students’ ability to: 
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 Differentiate between an experimental or concrete proof and a mathematical 
reasoning 
 Create conjectures and find ways to examine them 
 Complete proofs using different ways of reasoning 
 Examine and prove statements of necessary and sufficient conditions 
 Recognize several types of statements: universal, existence, and uniqueness 
 Evaluate a mathematical case and assess a proof 
 Complete an inductive proof 
Problem Solving  
It is based on students’ ability to  
 Create  a problem based on different situations studied in mathematics and in 
other sciences or came upon in real life 
 Use different mathematical representations to represent the problem’s given, 
find a suitable strategy to find a solution, and use different approaches for the 
chosen strategy to work based on mathematical knowledge 
 Evaluate the validity of the acquired solutions 
Communication 
It is based on students’ ability to  
 Offer a description of a mathematical document 
 Acquire remarks from a mathematical talk 
 Criticize a mathematical presentation 
 Write a correct proof 
Calculus 
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 More specifically, the calculus section of the curriculum adopts the following 
 objectives: 
 Acquire the concepts of: continuity, limits, and derivatives and use these 
concepts to graphically represent    
 Examine the graphs of several functions: polynomial, trigonometric 
exponential, logarithmic, rational, and irrational 
 Find the integration of a function and differentiate simple equations 
4.2.1.3 Scope and Sequence of the Calculus Part of the Secondary Cycle:  
 This section includes an analysis of the scope and sequence of the calculus 
program for the secondary cycle, scientific track. The analysis concentrates on the second 
year calculus, Grade 11- 42 hours of instruction – and its relations with the calculus 
content f first year - 20 hours of instruction - and with the third year - 105 hours for the 
General Sciences (GS) and 65 hours life sciences.  
Grade11 scope and sequence of the calculus program includes:  
 Limit of a function 
 Asymptotes 
 Numerical, arithmetic, and geometric sequences 
 Continuity 
 Derivative of a function at a point 
 Derivative function 
 Study of polynomial and rational functions 
 Primitives of a function  
 Continuity over an interval 
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Grade-10 scope and sequence for calculus includes only the study of functions, 
their graphical representation and using graphs to solve equalities and inequalities. 
Comparing the scope and sequence for grades 10 and 11 reveals a big gap between the 
two grades. Grade10 content is limited and does not develop enough concepts and skills 
that would create a basis for grade 11 concepts. Most of the concepts in grade11 are not 
even introduced in grade10, which means that students in grade11 have to learn many 
new concepts that are of a totally new nature as compared to those with which they are 
familiar, a fact that might create difficulties for them.  
As for grade12, it is divided into two tracks, General sciences and Life science. 
Although the two tracks allocate different amounts of time for the calculus program, they 
still have some common contents including: 
 Inverse functions 
 Inverse trigonometric functions  
 Natural logarithmic functions and logarithmic functions to the base a 
 Exponential functions 
 Image of a closed interval by a continuous function 
 Derivation of composite functions 
 Derivative of an inverse function 
 Second and successive derivatives 
 L’Hospital’s rule 
 Integral definition and properties 
 Rules of integration 
 Application of the integral calculation 
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 Definition of differential equations  
 Equations in separable variables 
 Linear first and second order equations with constant coefficients 
The General Sciences section includes, in addition, the following: 
 Simple irrational functions 
 Numerical sequences: limits, bounded and convergent sequences  
 Parametric curves  
 Extension by continuity of a function 
 Rolle’s and Mean value theorems 
 Mean value theorem for definite integrals. Max-Min inequality 
 The concepts included in grade-11 scope and sequence create a good basis for 
grade-12 content. However, it is noticed that there are some gaps between grade 11 
calculus contents and those of grade 12, General Sciences track’s scope and sequence.  
4.2.2 Textbook Analysis 
 This section includes an analysis of Grade-11 math textbook used by the 
“Sciences track” section in the school under research. The analysis is divided into two 
parts: structural and analytical. 
4.2.2.1 Structural Analysis of the Textbook 
 The structural part includes a description of the different sections of the chapter 
on Limits and the flow of development of the concept throughout the chapter. 
Structural Description of the Chapter on Limits 
Structure of the Chapter 
First Page 
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The first page of the chapter includes: 
 The title, that is “Functions: Limits – Continuity” 
 A brief history about functions, their representation, and algebraic 
calculation  
 Chapter Plan, which is divided into three sections: 
 Preliminary Activities 
 Course, which includes explanations and the sub-topics of the chapter 
 Exercises and Problems  
The “Preliminary Activities” section 
 This section includes two activities of the same nature. In both activities a 
function is given and two questions are asked:  
 Complete, using a calculator, the following table (table of values where 
some values of x are given, and students are required to fill-in the values of 
f(x).   
 What do you conclude about the values of the second line in the above 
table? 
 The difference between the two activities is that the first one deals with a 
polynomial function defined in Ɍ(Figure 2), while the second one deals with a 
rational function over an open interval whose upper border (excluded from the 
interval) is the value of the variable that makes function tend to infinity(Figure 3). 
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Figure 2. Polynomial Function Activity 
 
Figure 3. Rational Function Activity 
 It is noticed that, in the example of the polynomial function, the suggested 
values of the variable x start at 4 and increase quickly to reach the value 104, in an 
attempt to show the way the function increases as the variable becomes bigger 
and bigger. In the example of the rational function, the suggested values of the 
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variable x are 2, 3, 3.9, 3.999, thus gradually approaching the value 4, which 
makes the denominator get closer and closer to zero. 
 Although this section is meant to prepare the students intuitively for the 
concept of limits and test their prerequisite knowledge to see if they are ready for 
the new concept, the type of activities used and the questions asked only 
concentrate on one aspect, and do not include any discussion or explanation of the 
results.  
The “Course” section of the chapter 
 This section includes ten sub-sections, each of which deals with one sub-
topic of the chapter. All sub-sections consist of examples that are used to 
explain the intended sub-topic. 
The sub-sections consist of the following sub-topics: 
1) Notions of the finite limits 
2) Limits of a function at infinity  
3) Limit at a point 
4) Complements and remarks about the limits 
5) Operations of the limits 
6) Behaviour of a polynomial function at infinity 
7) Limit at infinity of a rational function 
8) Limits by comparison 
9) Continuity of a numerical function 
10) Operations on numerical functions 
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 The sequence of the sub-sections is mostly appropriate. It starts with the 
easier concepts and progress towards the more difficult ones in a logical 
sequence that takes prerequisites in consideration. It might, however, have 
been better for sub-sections six and seven to come immediately after sub-
section two, since the three of them deal with limits at infinity. Moreover, sub-
section ten should have been at the beginning, since it is strictly about 
operations on numerical functions and students should know them before 
starting to deal with limits. 
The “Exercises and Problems” section 
 This section includes several types of exercises and problems, under 
different titles: “reminder”, “test your knowledge”, “for seeking”, and “for 
training special students”. 
 The first type, “reminder”, includes exercises and problems that test 
students’ previous knowledge that is necessary to start working on limits. The 
second type, “test your knowledge”, includes simple, straight forward 
exercises that test students’ basic knowledge of simple limits, asymptotes, and 
continuity. The third type, “for seeking”, includes more complex exercises 
and problems that require more analysis on the students’ part and combine 
more than one notion in some of the problems. The fourth type, “for training”, 
includes two problems with their answers, each consisting of several parts 
which deal with more than one notion. These problems require students to 
synthesize and relate the different parts of the problems in order to be able to 
solve them.  
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Development of the concept throughout the “Course” section of the chapter 
 The first sub-section of the “Course” section of the chapter - notions of the 
finite limits - deals with finite limits, where both left-hand and right-hand 
limits of a given numerical function at a point are equal to the value of the 
function at that point. The pages are divided into two columns, the first 
column (left) includes the text and the second (right) includes the related 
graphical representations. All explanations in this sub-section are dependent 
on one example with specific values,with no generalization, which may be a 
potential source of difficulties, especially regarding the identified difficulties 
(D6) – teaching approach and use of representations - and (D7) – The failure 
to link geometry with numbers. 
 The second sub-section - limits of a function at infinity - deals with 
infinite and finite limits of a function at infinity, with examples. This sub-
section also includes an explanation of the horizontal asymptote at both 
positive and negative infinity, with examples. The pages are also divided into 
two columns, the first column (left) includes the text and the second (right) 
includes the relevant graphical representations. 
 The section first starts with infinite limits with different cases of positive 
and negative infinity, using graphs as well as algebraic functions having the 
form f(x) = xn  (where n is a positive real number) and generalizes the value of 
limits at infinity of both even and odd functions having such form. 
 Second, it deals with finite limits at infinity and uses different cases, both 
graphically and algebraically, having the form f(x) = 1/xn (where n is a 
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positive real number) and generalizes the value of limits at infinity of both 
even and odd functions having that form.  
 Third, it includes an explanation of the horizontal asymptote at both 
positive and negative infinity. 
 Generally, this sub-section explains thoroughly the different cases of the 
limit of a function at infinity. The inclusion of the notion of horizontal 
asymptote is suitable in this sub-section since it is directly related to the 
second part. 
 The third sub-section -limit at a point - deals with the limit of functions at 
a given point where the limit is positive or negative infinity. Similarly to the 
two previous sub-sections, the pages are divided into two columns, the first 
column (left) includes the text and the second (right) includes the relevant 
graphical representations. Several graphs and examples are used to explain the 
different cases and to show the necessity to study both, left-hand and right-
hand limits of a given function in order to be able to study the behavior of that 
function at a given point. This sub-section also includes an explanation of the 
vertical asymptote with the different possible cases. An example is included. 
 Generally, this sub-section explains thoroughly the different cases of limit 
at a point. Moreover, the inclusion of the notion of vertical asymptote is 
suitable in this sub-section since it is directly related to the limit at a point. 
 The fourth sub-section- complements and remarks about the limits - deals 
with the uniqueness of the limit of a numerical function (if it exists). 
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 The information included in this sub-section is not clear and might be 
confusing to the students.  More explanation is required for better 
understanding. 
 The fifth sub-section- operations on the limits -includes the limits of the 
functions: 𝑓 + 𝑔;  𝑓 ∙ 𝑔; 
𝑓
𝑔
𝑤ℎ𝑒𝑟𝑒 𝑔 ≠ 0 based on known values of the limits 
of 𝑓 𝑎𝑛𝑑 𝑔. The first three parts include tables which are used to represent the 
different operations with different cases including infinite values, finite 
values, and indeterminate forms. This sub-section also includes a fourth part 
explaining the indeterminate forms. Examples of some of the cases and 
examples that deal with indeterminate forms are included as well.  
 The first table deals with limit of a sum 𝑓 + 𝑔, the second table deals with 
limit of a product 𝑓 ∙ 𝑔, and the third and fourth tables deal with limit of a 
quotient
𝑓
𝑔
  where two cases are considered: 𝑔 ≠ 0 𝑎𝑛𝑑 𝑔 = 0. 
The fourth part is a text that represents the indeterminate forms: 
∞ − ∞;  0 × ∞;  
∞
∞
;  
0
0
. It states that the function in all four cases could have a 
finite limit, infinite limit, or no limit. 
 Although many examples are included in this sub-section, it might have 
been better to include more examples in order to represent all the cases of 
operations, especially when dealing with indeterminate forms and how to deal 
with them.  
 The sixth sub-section- behavior of a polynomial function at infinity - 
represents a text that explains that the limit at infinity of a polynomial 
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function defined over R is equal to the limit at infinity of its highest degree 
term. Several examples are included as well. 
 The explanation in this sub-section is short and uses formal algebraic 
expressions which might create some ambiguity for the students if not 
explained further. 
 The seventh sub-section- limit at infinity of a rational function - represents 
a text that explains the behavior of a rational function at infinity with 
examples. It states that the limit of a rational function of the form 
𝑓(𝑥)
𝑔(𝑥)
 (where 
𝑓 and 𝑔 are two polynomial functions, with 𝑔(𝑥) ≠ 0) is equal to the ratio of 
the limits of 𝑓 and 𝑔; hence, limit at infinity of 
𝑓(𝑥)
𝑔(𝑥)
is equal to limit at infinity 
of
𝑡𝑒𝑟𝑚 𝑜𝑓 ℎ𝑖𝑔ℎ𝑒𝑠𝑡 𝑑𝑒𝑔𝑟𝑒𝑒 𝑜𝑓 𝑓
𝑡𝑒𝑟𝑚 𝑜𝑓 ℎ𝑖𝑔ℎ𝑒𝑠𝑡 𝑑𝑒𝑔𝑟𝑒𝑒 𝑜𝑓 𝑔
.  
 The explanation in this sub-section is short and only states facts and 
conclusions which might hinder students’ understanding. Further explanation 
would have helped students understand this notion better. 
 The eighth sub-section- limits by comparison -includes five cases 
(including the sandwich theorem) where limit of a function is found by 
comparing it to another function or functions. The first three are divided into 
two columns, the left one includes the text and the right one includes the 
graphs. The last two are purely text. 
 The first case deals with the limit at infinity of a function greater than or 
equals to another function for any real number x greater than a certain real 
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number A. For any real number x > A, if 𝑓(𝑥) ≥ 𝑔(𝑥) 𝑎𝑛𝑑 lim
𝑥→+∞
𝑔(𝑥) = +∞ 
then lim
𝑥→+∞
𝑓(𝑥) = +∞ 
 The second case deals with the limit at infinity of a function less than or 
equals to another function for any real number x greater than a certain real 
number A. For any real number x > A, if 𝑓(𝑥) ≤ 𝑔(𝑥) 𝑎𝑛𝑑 lim
𝑥→+∞
𝑔(𝑥) = +∞ 
then lim
𝑥→+∞
𝑓(𝑥) = +∞ 
 The third case deals with the limit at infinity of a function which is 
between two other functions for any real number x greater than a certain real 
number A (sandwich theorem). For any real number x > A, if 𝑔(𝑥) ≤ 𝑓(𝑥) ≤
ℎ(𝑥), lim
𝑥→+∞
𝑔(𝑥) = 𝐿, 𝑎𝑛𝑑 lim
𝑥→+∞
ℎ(𝑥) = 𝐿then  lim
𝑥→+∞
𝑓(𝑥) = 𝐿. 
 The fourth case is related to the previous case. If there exists a function g 
and a real number A such that lim
𝑥→+∞
𝑔(𝑥) = 0and for any real number x > A, 
|𝑓(𝑥) − 𝐿| ≤ 𝑔(𝑥), then: lim
𝑥→+∞
𝑓(𝑥) = 𝐿.  
 The fifth case includes two parts. The first part states that for any real 
number ∝ 𝑖𝑓 𝑓(𝑥) ≤ 𝑔(𝑥), 𝑡ℎ𝑒𝑛 lim
𝑥→∝
𝑓(𝑥) ≤ lim
𝑥→∝
𝑔(𝑥). The second part 
states that for any real number ∝ 𝑖𝑓 𝑔(𝑥) ≤ 𝑓(𝑥) ≤ ℎ(𝑥), 𝑎𝑛𝑑 lim
𝑥→∝
𝑔(𝑥) =
lim
𝑥→∝
ℎ(𝑥) = 𝑙, with 𝑙 finite or not, then lim
𝑥→∝
𝑓(𝑥) = 𝑙. 
This sub-section only states facts and draw conclusions out of the given 
facts. No explanation is used for each of the five cases or for any of the graphs 
representing the first three cases. Moreover, few examples are included in this 
sub-section and they do not cover all cases. Further explanation, comments, 
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and examples should have been used to help students understand this sub-
section better.  
 The ninth sub-section- continuity of a numerical function - is divided into 
two parts. The first part deals with continuity at a point and uses a text stating 
that for a function to be continuous at a point𝑎 it should be both continuous to 
the right and left of the point 𝑎. lim
𝑥→𝑎−
𝑓(𝑥) = lim
𝑥→𝑎+
𝑓(𝑥) = 𝑓(𝑎). A graph is 
used to explain further continuity at a point with a remark that explains how 
continuity is detected from a graph. Several examples are included as well. 
 The second part deals with continuity over an interval and uses a text 
stating that a numerical function 𝑓 is continuous over an interval I if it is 
continuous at all points of I. Hence, rational, irrational polynomials as well as 
their sums, products and quotients are continuous over the entire interval I 
that is their domain of definition. No examples are included for this part. 
 This sub-section only states facts and draw conclusions out of the given 
facts. No explanation is used for either the text or the graphs. Students might 
find it hard to understand this sub-section which might lead them to simply 
memorizing the facts given. 
 The tenth and last sub-section of the “Course” section of the chapter- 
operations on numerical functions - is a text that discusses six different 
operations on numerical functions. Several examples are included as well. For 
any two numerical functions 𝑓 𝑎𝑛𝑑 𝑔: 
 The function 𝑓 + 𝑔is defined over 𝐷𝑓 ∩ 𝐷𝑔by (𝑓 + 𝑔)(𝑥) = 𝑓(𝑥) +
𝑔(𝑥) 
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 The function 𝑓 − 𝑔 is defined over 𝐷𝑓 ∩ 𝐷𝑔by (𝑓 − 𝑔)(𝑥) = 𝑓(𝑥) −
𝑔(𝑥) 
 The function 𝑓 ∙ 𝑔 is defined over 𝐷𝑓 ∩ 𝐷𝑔by (𝑓 ∙ 𝑔)(𝑥) = 𝑓(𝑥) ∙ 𝑔(𝑥) 
 The function 𝜆𝑓 , where 𝝀 is a real number, is defined over 𝐷𝑓by 
(𝜆𝑓)(𝑥) = 𝜆𝑓(𝑥) 
 The function 
𝑓
𝑔
 is defined over 𝐷𝑓 ∩ 𝐷𝑔𝑤𝑖𝑡ℎ 𝑔(𝑥) ≠ 0 by (
𝑓
𝑔
) (𝑥) =
𝑓(𝑥)
𝑔(𝑥)
 
 The function 
1
𝑓
 is defined over 𝐷𝑓𝑤𝑖𝑡ℎ 𝑓(𝑥) ≠ 0 by (
1
𝑓
) (𝑥) =
1
𝑓(𝑥)
 
This sub-section includes simple facts with no explanation which might 
lead students to memorizing rather than understanding. Moreover, this sub-
section should have been included at the beginning of the chapter, since it is a 
revision of the operations on numerical functions. Students need to know 
these facts before starting to find limits. 
4.2.2.2 Analytical Analysis of the Textbook  
 Chapter on Limits 
 The analytical part aims to analyze the chapter based on the adopted framework. 
It discusses the mode of delivery by the chapter of the concepts and skills related to 
limits, especially whether and how the chapter prevents, deals with, explicitly addresses, 
or causes difficulties and obstacles identified in the framework. Each section of the 
chapter (“Course”, “Examples in course”, “Exercises and Problems”) is analyzed 
separately. 
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This part of book analysis is based on the adopted framework. The chapter is 
divided into a “Course” section and an “Exercises and Problems” section. With the list of 
difficulties and perceptions in mind, a preliminary study of the chapter was conducted, to 
single out the main difficulties that may be induced, and the main perceptions of the 
concept of limit that the chapter privileges. It was found that mostly difficulties related to 
four domains are salient: The Notion of the Infinitely Large and Infinitely Small (D2), 
The metaphysical aspect of the notion of limit (D3), the dilemma whether the limit is 
attained or not (D4), and the Failure to Link Geometry with Numbers (D7). 
(D2): The Notion of the Infinitely Large and Infinitely Small 
 The “Course” section of the chapter includes nine sub-sections that include the 
notion of infinitely large numbers (represented as +∞), and infinitely small numbers 
(represented as -∞). Since the main focus about this notion in this section is on using 
it as part of finding limits and asymptotes, a general analysis is going to take place on 
how the notion is used in the “Course” section of the chapter.  
 The notion of infinitely large and infinitely small in the “Course” section is 
represented using the terms: “as great as we want”, “tends to infinity”, “tends to 
negative infinity”, and “tends to positive infinity” as well as the symbols: ∞, -∞, and 
+∞. The term “tends to” represents infinity as a process and the symbols used 
represent infinity as an object. All “Course” sub-sections only state the facts, 
procedures and properties used in solving limits, including infinity, with no 
explanation of the notion of infinity. By just reading these sub-sections students may 
find it difficult to understand what infinity means and what limit represents.  
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 Moreover, the fifth sub-section: operations on the limits, includes the limits of the 
functions: 𝑓 + 𝑔, 𝑓 ∙ 𝑔,
𝑓
𝑔
𝑤ℎ𝑒𝑟𝑒 𝑔 ≠ 0 based on known values of the limits 
of 𝑓 𝑎𝑛𝑑 𝑔. The first three parts include tables which are used to represent the 
different operations with different cases. l and l’ are two real numbers and “?” 
represents the indeterminate form (Figure 4  and Figure 5).  
 
Figure 4. Operation on Limits - Sum 
 The emphasis on memorization and on simply relying on conventions and 
acceptance of notations, outputs of operations, etc. are noticeable in the above figure: 
“In other cases, the results that we admit, are intuitive and need to be memorized” 
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Figure 5.  Operations on Limits - Quotient  
 In this figure (Figure 5) the complexity and extreme concentration and novelty of 
the symbolism are obvious. With no explanation or suggested approach, it is totally 
left to the teacher to introduce these complex concepts and “formulas” to students. It 
is expected that, due to many reasons, the teacher will favor the traditional approach 
of “memorizing” the cases without necessarily conceptually understanding the 
different processes or the meaning of the indeterminate forms. Those reasons include, 
among others, the pressures of the educational system, especially the national exams, 
the limitations on the time allocated to the topic, the lack in the teacher’s Pedagogical 
Content Knowledge (PCK), lack of teacher training on these delicate contents, etc. 
(D3): The metaphysical aspect of the notion of limit 
 The metaphysical aspect of the notion of limit creates an obstacle for students 
since the calculation of limits cannot be directly carried out using common methods 
of arithmetic and algebra, with which students were familiar before the introduction 
of calculus. This, for students, is not considered mathematics. Since the concept of 
infinity is an essential part of the notion of limit, this obstacle is directly related to the 
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obstacles related to infinity, which “does not exist” and is a new concept to students 
who are used to deal with finite numbers. The “Course” section of the chapter mainly 
states the different cases of limits, mostly with no explanation on the way to do the 
calculations. The examples included are the only way for students to see those 
calculations. But with no comments or explanation of the examples, students may 
find some cases hard to understand, and may not be able to induce the main idea and 
the general procedure.   
(D4): Is the Limit Attained or Not? 
 The chapter does not include any discussion about whether the limit is attained or 
not. The use of the phrase “𝑓(𝑥)tends to” as a substitute for the phrase 
“𝑓(𝑥)approaches more and more” as well as the use of the “→” symbol as a 
substitute for “tends to” creates an image in the students’ minds that the limit is not 
attained. On the other hand, the use of the “=” sign means that the limit is attained 
and equals a finite value. The use of the “=” sign and the phrase “limit of 𝑓(𝑥)equals” 
as a substitute for the above two phrases confuses students and creates the obstacle 
under discussion. Those different aspects are not discussed and no comments are 
added to clarify their usage. The figure (Figure 6) below shows an example of how 
the different aspects are presented in the text of the “Course” section of the chapter.   
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Figure 6.  “Course” – Text Example 
 As to the graphical representations in the “Course” section of the chapter, the use 
of arrows in some cases (Figure 7) implies that 𝑓(𝑥)approaches a certain value but 
does not actually reach it, which again creates the same confusion for the students. It 
is to be noted that the letter “x” is included twice, before and after the number 3 on 
the x-axis, with two arrows going in opposite directions, to signify eventual tendency 
to the left or to the right of 3. Similarly, f(x) occurs twice as well, with two oblique 
arrows pointing at the point (3;5), to signify that the function tends to 5 when x tends 
to 3. These representations are very much prone to causing many misconceptions and 
difficulties, some of which are given below: 
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Figure 7. “Course” – Graphical Representation Example 
- Even though the above figure relates to a specific example of a function (y=x+2), 
using it as the only example to introduce the concept of finite limits, and the 
concept of limit in general, makes the representations used an important building 
block in students’ construction of the concept. There is always a danger of over-
generalization from one example, as the students will not be able to determine the 
relevant features of the example that may be generalized to build the concept, and 
thus the representations may be taken as representing a general case. This danger 
is reinforced by the absence of the straight line representing the function. 
- The system of axes is represented, but not the graph of a function. One isolated 
point (3;5) is singled out, in a way that implies it is a point of the graph of f. This 
representation strengthens the idea that the limit is reached 
- The arrows imply a common mis-interpretation that students usually have, which 
is an obstacle to a good understanding of functions and of the relationship 
between a function and its graph. This mis-interpretation lies in considering the 
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point of the graph as the value of the function, which masks the fact that this 
value is in fact its ordinate. The two oblique arrows pointing at the point (3;5) 
with “f(x)” strengthen this mis-interpretation. 
- The fact that the letter “x” appears twice on the x-axis reflects a perception of the 
variable as the “infinite set of points of the axis”. Each point can be named “x”, 
and each “x” has a different value related to its position on the axis, with respect 
to the origin. So the variable here is the set of those values. On the other hand, the 
arrows and the use of the terms “x tends to” or “x approaches” imply a dynamic 
conception of the variable. The variable in this case is seen as a variable value 
depending on the position, at each moment, of one point that moves along the x-
axis and, depending on its movement and on its distance from the origin, gives 
different values to the variable. The co-existence of these two different 
perceptions of the concept of variable in the same representation is a potential 
source of difficulties, because of the lack of a “uniform concept of real number” 
(D10). 
- The same analysis applies to the occurrence of the symbol f(x) twice on the graph. 
But this one is even more prone to difficulties and misconceptions and raises 
many questions in the students’ minds that remain unanswered: which f(x) 
corresponds to which x? Is there a one-to-one correspondence in-between the 
values of each? Such questions and others remain obstacles to proper learning of 
limits and get even reinforced in many of the graphic representations used in the 
chapter. 
(D7): Failure to Link Geometry with Numbers  
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 The chapter is rich with graphic representations, which helps visualization and 
conceptualization. But, on the other hand, if the graphic representations include 
features that may lead to misconceptions or difficulties, their effect will be bigger. An 
example was provided in the previous part, related to the difficulty (D4). It is to be 
noted that the different difficulties in the framework are not strictly separate from 
each other, and that they are rather connected. The titles are only to highlight the 
one(s) that are mostly relevant in each context or example. 
 As (D7) is related to the connection geometric-numeric and is most relevant 
because of the proliferation of the graphic representations, the analysis is conducted 
on each section of the chapter. 
“Course” Section 
 The “Course” section of the chapter includes ten sub-sections. Some sub-sections 
of the “Course” section of the chapter are in blocks, each block including a text and a 
graphical representation. Each sub-section of that type is analyzed separately and the 
analysis is based on checking the alignment of the graphical representation with the 
text and whether the way they are presented might create a difficulty in linking 
geometry with numbers. Other sub-sections of the “Course” section of the chapter 
include only text. These sub-sections are analyzed separately to check if graphical 
representations are required to help overcome the obstacle.  
Sub-section one: Notions of the Finite Limits 
 This sub-section includes four blocks. The left-hand part of each block 
represents a text and the right-hand part includes a graph. The students are not 
73 
 
given any instructions regarding the graphs and no connection is made what-so-
ever between the graphs and the text.  
 Notions of the Finite Limits - Block One 
 
Figure 8. Notions of the Finite Limits - Block One 
 The text part of the block (Figure 8) includes a given numerical function, 
defined in R, that represents a straight line: f(x) = x + 2.  One point is given as an 
example: if x = 3, f(x) = 5. The graphical part of the block (Figure 8) uses a grid 
rather than a system of axis to represent the graph of the given function and 
instead of representing the graph of the function, only the point mentioned in the 
example is represented (3,5). The potential danger of such a representation has 
been discussed in the previous part of the analysis. 
 Notions of the Finite Limits - Block Two 
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Figure 9. Notions of the Finite Limits - Block Two  
 Notions of the Finite Limits - Block Three 
 In the text part of this block (Figure 9) facts of what happens to f (x) if x 
tends to 3 are stated. Words such as: we say and we write are used and no 
discussion is included. In the graph part (Figure 9) new symbols (arrows) are used 
with no explanation of what they represent.  
 
Figure 10. Notions of the Finite Limits - Block Three 
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 Notions of the Finite Limits - Block Four 
 In the text part of this block (Figure 10), facts of what happens to f (x) if x 
tends to 3+ are stated. Again Words such as we write are used and no discussion is 
included. In the graph part (Figure 10) the arrow used to represent f(x) is placed 
wrongly on the point (3,5) rather than on 5 on the y-axis and nothing is included 
to explain what the arrow means. 
 
Figure 11. Notions of the Finite Limits - Block Four 
In the text part of this block (Figure 11), facts of what happens to f (x) if x 
tends to 3- are stated. Again Words such as we write are used and no discussion is 
included. In the graph part (Figure 11) the arrow used to represent f(x) is placed 
wrongly on the point (3,5) rather than on 5 on the y-axis and nothing is included 
to explain what the arrow means. 
Sub-section Two: Limits of a Function at Infinity 
This sub-section includes three parts: infinite limits, finite limits, and 
horizontal asymptote. The first part, infinite limits, is divided into four blocks. It 
also includes examples and a generalization part made up of two graphs. The 
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second part, finite limits, is divided into two blocks. It also includes examples and 
a generalization text. The third part, horizontal asymptote, is divided into two 
blocks. It also includes an example. 
Infinite Limits - Block One 
 
Figure 12. Infinite Limits - Block One 
The text part of the block (Figure 12) includes a numerical 
function𝑓defined over the interval[𝑥0;  +∞[, with𝑥0 ∈ 𝑅. It states that if, for any 
real number A “as great as we want”, all the values of 𝑓(𝑥) remain greater than A, 
then 𝑓(𝑥) tends to positive infinity as 𝑥 tends to infinity (written in the 
equation: +∞, lim
𝑥→+∞
𝑓(𝑥) = −∞). The text does not specify the meaning of “as 
great as we want”, and the graph (Figure 12) does not show A at infinity or 
anywhere as a large value. In addition, the graph part includes more information 
than the text. It uses a to represent a real number such that 𝑥 > 𝑎.and the 
77 
 
comment at the bottom of the graph does not include anything regarding infinity. 
Hence, the text and the graph have discrepancies and lack certain connections. 
Infinite Limits - Block Two 
 
Figure 13. Infinite Limits - Block Two 
 As for block two, the text part (Figure 13) only includes one statement: 
“we define the same for: lim
x→+∞
f(x) = −∞”, with no explanation. The same as in 
block one goes for the graph part of block two, with an addition that no comment 
is included at the bottom of the graph (Figure 13) explaining the letters used and 
how they are related to the text involved. Even less information is provided in 
blocks three and four (Figure 14). 
Infinite Limits – Blocks Three and Four 
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Figure 14. Infinite Limits – Blocks Three and Four 
 Infinite Limits: Examples and Generalization 
 
Figure 15.  Infinite Limits: Examples 
 The examples in Figure 15 have no graphs associated with them. They 
provide many examples that indicate how students can procedurally find limits by 
thinking about infinity like they do about a value and plugging it in the expression 
of the function. All the examples lead to infinite limits. These examples help 
students detect patterns and induce the procedure(s).While the examples in Figure 
15   have no accompanying graphs, the generalization part (Figure 16) is 
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exclusively set as graphs, with no explanation or discussion about each graph. It is 
kept up to the teacher / student to make the connection. This block is a typical 
example of many parts of the chapter, where either numeric representations or 
graphic representations are exclusively used. It is noticed that rare are the 
instances in which a graphic representation is connected with the numeric 
representations with clear connections and transfers between them..  
 
Figure 16.  Infinite Limits: Generalization 
Finite Limits - Block One 
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Figure 17.  Finite Limits - Block One 
 The text part of the block (Figure 17) includes a numerical function 
𝑓defined over the interval[𝑥0;  +∞[, with𝑥0 ∈ 𝑅, and L a real number. It states 
that if the distance between 𝑓(𝑥) and L is very small whenever 𝑥is great enough 
then 𝑓(𝑥) tends toLas 𝑥tends to +∞. (written:  lim
𝑥→+∞
𝑓(𝑥) = 𝐿 𝑜𝑟 lim
𝑥→+∞
(𝑓(𝑥) −
𝐿 = 0). The text does not specify the meaning of “is very small” or “is great 
enough”. In addition it does not explain the equations used, specifically the 
second one: lim
𝑥→+∞
(𝑓(𝑥) − 𝐿) = 0. Moreover, even though x0 does not show on 
the graph (Figure 17), the graph part includes more info than the text. It uses 
points M and N without explaining their role or usage in the adjacent text, and 
there are no comments or explanation of the graph. The same comment applies to 
the horizontal straight line passing through (0;L). The role of this straight line is 
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supposed to be very important for understanding the meaning of the tendency of 
the function to L, and there should be explicit connections between the text and 
graph in this respect. But the straight line is ignored in the text adjacent to this 
example. However, M, N and L are mentioned and explained in the next 
paragraph, in the text adjacent to the graph corresponding to x  -∞, yet using 
“+∞”, which may add confusion to the already existing confusion caused by the 
complexity and the novelty of the topic. 
Hence, both the text and the graph are not clear, nor are they connected in a 
functional way for understanding, and this might cause ambiguity to the students 
and makes it harder for them to understand the notion.  
Finite Limits – Examples and Generalization 
 
Figure 18.  Finite Limits - Examples 
 Just similarly to the previous subsection, this one is followed by examples 
of functions that have finite limits (Figure 18), examples given in symbolic 
algebraic form with no corresponding graphical representations. However, unlike 
the previous section, the generalization (Figure 19) is also made with examples in 
symbolic algebraic form with no corresponding graphical representations, which 
82 
 
reduces the benefit that might have been gained from visualization and 
accentuates the lack of connection between the graphic and numeric. 
 
Figure 19.  Finite Limits – Generalization 
 Horizontal Asymptote  
 
Figure 20. Horizontal Asymptote - Block One 
The text part of the block (Figure 20) presents a numerical function 𝑓and 
its representative curve (C) in a system (𝑂, 𝑖, 𝑗 ). It states that if lim
𝑥→+∞
𝑓(𝑥) = 𝐿, 
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that is to say that the more 𝑥increases, and the more the point M approaches (D), 
we say that line (D) of equation 𝑦 = 𝐿 is a horizontal asymptote of (C) at +∞.  
The graph part of this block (Figure 20) represents what is written in the text, with 
the error that the ordinate of point M is presented as (x) rather than f(x), which is 
even another source of confusion, considering that two occurrences of x appeared 
before, which was not a typo error, but a kind of on-purpose indication of x 
approaching a value on the left side and the right side. Although the text and the 
graph are consistent, there are no comments associated with the graph that link it 
to the text. There is no comparison, either, with the previous case where the 
function also tends to a finite value when x tends to infinity. No mention 
whatsoever is included to explain the difference between the two cases, and the 
reason for which the present case is a case of asymptote while the previous one is 
not. Similarly to the lack of connections between graphic and numeric 
representations, there is lack of connections between the different cases. 
Block two of this subsection presents a similar example, for the case 
where the function admits a horizontal asymptote on the negative infinity side of 
the graph.  The same analysis applies to this block. 
Also, similarly to the previous blocks, a block of examples (mainly when 
the limit is 0 and thus the horizontal asymptote is the x-axis) is provided. The 
examples are represented in the symbolic algebraic form, with no corresponding 
graphic representation and no connections. 
Sub-section Three: Limit at a Point 
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This sub-section includes two parts: limit at a point, and vertical 
asymptote. The first part is divided into five blocks and an “Examples” section. 
The second part, vertical asymptote, is divided into two blocks. The second block 
includes three graphs. This part also includes an example.  
Limit at a Point - Blocks One and Two 
 
 
Figure 21. First Part: Limit at a Point - Blocks One and Two 
Both blocks one and two (Figure 21) deal with the limit of a function 
(equal to infinity) at a point, with the variable approaching that point from both 
sides, left and right, at the same time. The text part of block one (Figure 21) 
includes a numerical function 𝑓of the real variable 𝑥, defined over the 
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interval[𝑐 , 𝑎[ ∪ ]𝑎 , 𝑏]. It statesthat if𝑓(𝑥)increases when 𝑥is close enough to 𝑎, 
then 𝑓(𝑥) tends to positive infinity as 𝑥 tends to 𝑎 (written in the 
equation:lim
𝑥→𝑎
𝑓(𝑥) = +∞). Although the text does not specify the exact meaning 
of “is close enough”, the associated graph shows the curve very close to the line 
𝑥 = 𝑎 (approaching both sides of the line, which is not mentioned in the 
text).Hence, the graph (Figure 21) is essential in this case in order to show the 
students the meaning of “is close enough” that is mentioned in the text and help 
them understand the text better. 
Block two (Figure 21) deals with the same notion as the previous one but 
with the case when the limit at a point is equal to negative infinity. The text part 
of block two (Figure 21) includes a single statement “we define the same for: 
lim
𝑥→𝑎′
𝑓(𝑥) = −∞)” and its associated graph with no comments or further 
explanation. Again, the graph (Figure 21) is essential in this case in order to help 
students understand the stated statement and get more familiar with the notion of 
infinity. Any failure on the students’ part to link the stated statement to its 
associated graph causes problems for their understanding of the notion.  
Limit at a Point - Blocks Three and Four 
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Figure 22. First Part: Limit at a Point - Blocks Three and Four 
Both blocks three and four (Figure 22) deal with the limit of functions 
(equals to infinity) at a point when functions approach the point either from the 
right or from the left separately. The text part of block three (Figure 22) includes a 
numerical function 𝑓of the real variable 𝑥, defined over the interval ]𝑎 , 𝑏]. It 
states that if𝑓(𝑥)increases when 𝑥is close enough to 𝑎, by remaining greater than 
𝑎,  then 𝑓(𝑥) tends to positive infinity as 𝑥 tends to 𝑎+(𝑥 > a)(written in the 
equation: lim
𝑥→𝑎+
𝑓(𝑥) = +∞  𝑜𝑟 lim
𝑥→𝑎
𝑥>𝑎
𝑓(𝑥) = +∞). Although the text does not 
specify the exact meaning of “is close enough”, the associated graph shows the 
curve very close to the line 𝑥 = 𝑎 (approaching from the right side of the line 
which is not mentioned in the text).Hence, the graph (Figure 22) is essential in 
this case in order to show the students the meaning of “is close enough” that is 
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mentioned in the text and help them understand the text better. However, this is 
the first time the notations a+ and a-appear, and despite the high chance of 
possible confusion with +a and –a, and more so with the notations that the 
textbooks first use when the signed numbers are introduced, the text does not 
provide a clear explanation, nor does it make a comparison or contrast with the 
meanings of the other notations. 
Block four (Figure 22) deals with the same notion as the previous one but 
with the case when the curve approaches the point from the left. The text part of 
block two (Figure 22) includes a single statement “we define the same, over 
[𝑐 , 𝑎 [: lim
𝑥→𝑎−
𝑓(𝑥) = +∞  𝑜𝑟 lim
𝑥→𝑎
𝑥<𝑎
𝑓(𝑥) = +∞)” and its associated graph with no 
comments or further explanation. Again, the graph (Figure 22) is essential in this 
case in order to help students understand the stated statement. Any failure on the 
students’ part to link the stated statement to its associated graph causes problems 
for their understanding of the notion.  
First Part: Limit at a Point - Block Five 
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Figure 23. First Part: Limit at a Point - Block Five 
 This block (Figure 23) includes a remark that states the necessity in some 
cases to study the performance of a function both to the left and right of a point a, 
and to find both limits at a+ and a-. The graph (Figure 23) represents such a case. 
Although no explanation or comments are included with the graph to link it to the 
text, the graph is essential in this case in order to help students understand the 
stated statement. Any failure on the students’ part to link the stated statement to 
its associated graph (Figure 23) causes problems for their understanding of the 
notion.  
Also in this part, and similarly to previous ones, a set of examples of 
functions that tend to infinity when x tends to a finite number, with no graphic 
representations and no connections to the previous cases. 
Vertical Asymptote - Blocks One and Two 
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Figure 24.  Second Part: Vertical Asymptote - Blocks One and Two 
The text part of block one (Figure 24) includes a numerical function 𝑓and 
its representative curve (C) in a system (𝑂, 𝑖, 𝑗 ) and a given real number a. It 
states that iflim
𝑥→𝑎
𝑓(𝑥) = −∞ 𝑜𝑟 lim
𝑥→𝑎
𝑓(𝑥) = +∞, and the more 𝑥approaches a and 
M approaches the line (D), then the line (D) of equation 𝑥 = 𝑎 is a vertical 
asymptote to (C). The graph part of this block (Figure 24) represents part of one 
case presented in the text,lim
𝑥→𝑎
𝑓(𝑥) = +∞, where the function approaches line (D) 
from both sides right and left. The other three graphs in block two (Figure 24) 
represent the other case. Although the text and the graph are consistent, there are 
no comments associated with the graph that link it to the text.  
Moreover, the use of M in the text is not clear unless the students associate 
it with its representation in the graphs.  Hence, the graph (Figure 24) is essential 
in this case in order to show the students what M represents and help them 
understand the text better.  
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Vertical Asymptote - Examples 
 
Figure 25. Second Part: Vertical Asymptote - Examples 
 The above example (Figure 25) has no graphs associated with it. If some 
graphs are used students are able to understand better how the given function 
perform at a point and its relation with the vertical asymptote. 
Sub-section four: Complements and Remarks about the Limits 
This sub-section deals with the uniqueness of the limit of a numerical 
function (if it exists). It includes three statements. The first one states that for any 
function f(x)of the form: ax+b, ax2, √𝑥, 
𝑎
𝑥
, x3, with 𝑎 ≠ 0, if α belongs to the 
domain of the function Df  and α is not the limit of Df , then lim
𝑥→𝛼
𝑓(𝑥) = 𝑓(𝛼). The 
second one states that for any function f, we cannot find the limit of f at a unless a 
belongs to Df , or unless a is a limit of Df . Both, the first and second statements 
include an example for each. The third statement includes an acknowledgment 
stating that the limit of a numerical function, if it exists, is unique.  
These statements are not clear on their own and might be confusing to the 
students. Although the included examples help in explaining them further, the 
usage of graphs is essential in order to eliminate any ambiguity caused by the text. 
Sub-section five: Operations on the Limits 
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This sub-section includes properties that help in finding the limits of the 
functions: 𝑓 + 𝑔, 𝑓 ∙ 𝑔,
𝑓
𝑔
 𝑤ℎ𝑒𝑟𝑒 𝑔 ≠ 0, knowing the limits of f and g. It includes 
several examples as well. No graphs are associated with neither the text nor the 
examples. Graphing some of the examples would have helped students visualize 
and compare the different cases and hence understand them better.  
In this sub-section, the notion of “indeterminate form” is introduced, and 
the different cases of indeterminate forms are provided (Figure 26), with no 
explanation. What is more tricky at this moment and more prone to confusion, 
misconceptions and difficulties, are notations where infinity is used in fractions 
just like any finite number, and others where 0 is accepted to occur in the 
denominator, after years of studying mathematics where such a form was totally 
rejected. The “indeterminate” forms are just displayed, without any definition of 
what “indeterminate” means? Why is it indeterminate? It is just mentioned that 
these forms “need a particular study “for removing the indeterminacy” (?), and 
that in each form, “the function could have a finite limit, infinite limit or no 
limit”, which adds to the confusion.  
Operations on the Limits – Indeterminate Forms 
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Figure 26. Operations on the Limits – Indeterminate Forms 
Several solved examples follow to show in a procedural way what is to be 
done in selected cases of functions “for removing the indeterminacy”. A sequence 
of symbolic formal calculations is displayed, with no conceptual approach to 
facilitate understanding. The main (and almost only) complete sentence that 
occurs is: 
 
It is clear that the aim of this part is to provide step-by-step procedures 
that students can imitate for similar exercises. 
Sub-section six: Behavior of a Polynomial Function at Infinity 
This sub-section deals with the behavior of a polynomial function at 
infinity. It starts with the general form of a polynomial function of degree n, and 
states that a polynomial function behaves at infinity as its highest degree term. It 
includes several examples as well. It does not provide any justification or 
validation of the fact but just states it as something that should be admitted with 
no questioning. No graphs are associated with neither the text nor the examples. 
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Graphing some of the examples would have helped students compare the 
functions and hence understand their limits better.  
Sub-section seven: Limit at infinity of a Rational Function 
 This sub-section deals with the limit of a rational function at infinity. It 
states that the limit of a rational function of the form 
𝑓(𝑥)
𝑔(𝑥)
 (where 𝑓 and 𝑔 are two 
polynomial functions, with 𝑔(𝑥) ≠ 0) is equal to the ratio of the limits of 𝑓 and 𝑔; 
hence, based on the previous section, limit at infinity of  
𝑓(𝑥)
𝑔(𝑥)
 is equal to limit at 
infinity of
𝑡𝑒𝑟𝑚 𝑜𝑓 ℎ𝑖𝑔ℎ𝑒𝑠𝑡 𝑑𝑒𝑔𝑟𝑒𝑒 𝑜𝑓 𝑓
𝑡𝑒𝑟𝑚 𝑜𝑓 ℎ𝑖𝑔ℎ𝑒𝑠𝑡 𝑑𝑒𝑔𝑟𝑒𝑒 𝑜𝑓 𝑔
. It includes several examples as well. It does 
not provide any justification or validation of the fact but just states it as something 
that should be admitted with no questioning. No graphs are associated with 
neither the text nor the examples. Graphing some of the examples would have 
helped students compare the functions and hence understand their limits better.  
Sub-section Eight: Limits by Comparison 
This sub-section includes five blocks and an “Examples” section. 
 Limits by Comparison - Blocks One and Two 
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Figure 27. Limits by Comparison - Blocks One and Two 
Blocks one and two (Figure 27) deal with finding the limit at positive 
infinity of a function f by comparing it to another function for any real number x 
greater than a certain real number A. The text of the first block states that, for any 
real number x > A, if 𝑓(𝑥) ≥ 𝑔(𝑥) 𝑎𝑛𝑑 lim
𝑥→+∞
𝑔(𝑥) = +∞ then lim
𝑥→+∞
𝑓(𝑥) =
+∞. The text of the second block states that, for any real number x > A, if 𝑓(𝑥) ≤
𝑔(𝑥) 𝑎𝑛𝑑 lim
𝑥→+∞
𝑔(𝑥) = −∞ then lim
𝑥→+∞
𝑓(𝑥) = −∞. 
The graphs associated with the two texts (Figure 27) are essential for 
visualizing the cases and showing the students how the two functions are 
compared and how the two limits are related. The graphical representation of the 
two cases helps in clarifying both cases to the students. However, the absence of 
point A from the graphs makes it difficult to interpret the formal symbolic form of 
the theorem and to connect the numeric and graphic.  
Limits by Comparison - Block Three 
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Figure 28. Limits by Comparison - Block Three 
Block three (Figure 28) deals with finding the limit at positive infinity of a 
function f, by comparing it to two other functions g and h for any real number x 
greater than a certain real number A (sandwich theorem). The text states that if 
𝑔(𝑥) ≤ 𝑓(𝑥) ≤ ℎ(𝑥), for any real number 𝑥 >  𝐴, 𝑤𝑖𝑡ℎ lim
𝑥→+∞
𝑔(𝑥) =
𝐿, 𝑎𝑛𝑑 lim
𝑥→+∞
ℎ(𝑥) = 𝐿 then  lim
𝑥→+∞
𝑓(𝑥) = 𝐿. 
The same analysis as for the previous case applies. This same analysis 
applies as well to two other cases where the limit of a function can be obtained by 
comparison. 
Sub-section Nine: Continuity of a Numerical Function 
This sub-section is divided into two parts: continuity at a point and 
continuity over an interval. The first part: continuity at a point includes a text and 
a graphical example. The second part: continuity over an interval includes a text 
with no examples or graphic representation.  
Continuity at a Point 
96 
 
This part deals with the continuity of a function at a given point. It 
includes a text (Figure 29) that starts with a definition of continuity at a point: 
 
Figure 29. Continuity at a Point - Definition 
It then states that for a function to be continuous at a point 𝑎 it should be 
both continuous to the right and left of the point a:  lim
𝑥→𝑎−
𝑓(𝑥) = lim
𝑥→𝑎+
𝑓(𝑥) =
𝑓(𝑎). It also includes several examples, the first of which is a graphical example 
to clarify further the notion of continuity at a point with a remark (Figure 30) that 
explains how continuity is detected from a graph. The graph (Figure 30) shows 
both f continuous at a point a and not continuous at points b and c. A short text is 
included after the graph explaining the three instances. This graphical 
representation is essential for students to create a connection between what is 
stated in the text and how it is represented graphically. This connection helps in 
clarifying the notion and makes it easier for students to understand it. The other 
examples are simple applications of the notion with no graphs included.  
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Figure 30. Continuity at a Point – Remark and Examples 
However, the graphic representation (Figure 30) could have been more 
comprehensive and could have presented more significant cases, much needed 
because the other examples have no graphic representations associated to them, 
weirdly enough for the first example of piece-wise function that follows. In the 
graphic representation of Figure 30, the two points of abscissas b and c have 
almost the same status, with a difference related to right or left. The example 
could have been more comprehensive by starting the right-most branch of the 
graph at the point (c;f(c)) to create a case of continuity at the point, yet with two 
branches and a singular point. 
Continuity over an Interval 
This part deals with the continuity of a function over an interval. It 
includes a text stating that a numerical function 𝑓 is continuous over an interval I 
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if it is continuous at all points of I. If I = [𝑎; 𝑏] then in order for f to be continuous 
over I it has to be continuous to the right at a and to the left at b, and for every 
point of abscissa x0 such that 𝑎 < 𝑥0 < 𝑏. Hence, rational, irrational polynomials 
as well as their sums, products and quotients are continuous over the entire 
interval I that is their domain of definition. This last fact is stated, for all those 
types of functions, with no explanation, justification or validation. It is stated as a 
fact that should be admitted with no questioning or thinking. On the other hand, 
the sub-section “continuity over an interval” does not include any graphs or 
examples which could have helped students better understand the notion. 
Sub-section Ten: Operations on Numerical Functions 
This sub-section is a text that discusses six different operations on 
numerical functions, that is: sum, difference, product and quotient of two 
functions, product of a function by a real number, and reciprocal of a function. 
Several examples are included. No graphic representations are associated with 
any of the cases or the examples. 
Including this sub-section at the end of the chapter is strange and goes 
against the logical sequence of topics and their prerequisite. The concept of limits 
is not addressed in this sub-section. The content relates exclusively to functions 
and operations on functions, which is a prerequisite to the current chapter on 
limits. This sub-section should have been included at the beginning of the chapter, 
or at least before the fifth sub-section in which the concepts of sum, product and 
quotient of functions (why not difference as well?) are actually used without 
being properly introduced (Figures 4 and 5). It is essential for students to be 
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introduced to these operations and understand them before starting to deal with 
limits.  
“Exercises and Problems” Section 
 This section includes several types of exercises and problems distributed over 
four parts: “reminder”, “test your knowledge”, “for seeking”, and “for training” 
(“special students- with indications”). Each type is analyzed separately. The analysis 
is based on checking either the alignment of the graphical representations associated 
with some given items and whether the way they are presented might create a 
difficulty in linking geometry with numbers or checking the need for graphical 
representations for other items, to make it easier for students to solve. An item is any 
single question to be answered by the student or any order to be executed by the 
student. If, for example, we have an order such as: calculate 𝑓(3), 𝑓(5), 𝑎𝑛𝑑 𝑓(−1), 
each one is considered an item, hence we have three items. The items are categorized 
into three types. Items considering symbolic representation only, items considering 
graphic representation only, and items considering both. Considering the two aspects, 
graphical and symbolic representations, helps in checking the obstacle under 
examination. These two aspects and the way they are related in the exercises and 
problems clarify the link between geometry and numbers and the need for both to 
overcome obstacles related to them. A percentage of each type is included with each 
of the four parts mentioned at the beginning. These percentages help in comparing the 
occurrences of each type. 
 Part One: Reminder 
100 
 
 The first part, “reminder”, includes exercises and problems that test the 
students’ previous knowledge. This part includes 77 items distributed as follows 
(Table 2): 
Table 2: Distribution of the “Reminder” Items 
 
Symbolic 
Representation 
Graphic 
Representation 
Both 
Number of Items 31 14 
32 
Percentages 40.26% 18.18% 
41.56% 
The above percentages show that there is more emphasis on items with 
symbolic representation only and items with both types of representations, 
compared to items with graphical representation only. The number of occurrences 
of each type in this part is kind of appropriate specially that the number of items 
using both types of representations is the greatest among the three. Using both 
representations for the same item helps students in linking geometry with 
numbers and hence makes it easier for them to answer questions. 
Some items deal with similar types of questions. The types of questions that 
are involved in this part are related to the following: Domain of definition of 
numerical functions, images and antecedents, parity of a function, odd and even 
functions, axis of symmetry, solving equations and inequalities, sense of variation 
and table of variation of a function, representing a function graphically, and 
determining a function in a new orthonormal system given its representative curve 
in another orthonormal system. 
Since the three types of representation are used to answer the same type of 
questions related to the notions of “domain of definition of numerical functions”, 
“images and antecedents”, and “solving equations and inequalities” students are 
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able to solve questions related to the notions in different contexts using different 
methods hence build connections between geometry and numbers in different 
ways. Since only graphical type of representation is used to answer the same type 
of question related to the notion of “odd and even functions” students might find 
it difficult to solve questions related to the notion using symbolic representation 
hence creating an obstacle in linking between geometry and numbers.  
Since only symbolic type of representation is used to answer the same type 
of question related to the notion: “axis of symmetry”, students might find it 
difficult to solve questions related to the notion using graphical representation 
hence creating an obstacle in linking between geometry and numbers.  
 Since both types of representations are used to answer the same type of 
question related to the notion: “representing a function graphically”, students are 
able to solve questions related to the notion by relating symbols to graphs, hence 
link between geometry and numbers.  
Only one question deals with the notion of “parity of a function” 
(including six symbolic representation items), one question deals with the notions 
of “sense of variation” and “table of variation of a function” (including one 
graphic representation item and one item using both representations respectively), 
and one question deals with “determining a function in a new orthonormal system 
given its representative curve in another orthonormal system” (including one 
symbolic representation item). The lack of questions about these notions using 
different representations might create a difficulty for students to link geometry 
with numbers related to these notions. 
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 Part Two: Test your Knowledge 
 The second part, “test your knowledge”, includes exercises and problems 
that test the students’ understanding of the notions mentioned in the course 
section as well as other notions based on previous knowledge. This part includes 
88 items distributed as follows (Table 3): 
Table 3: Distribution of the “Test your Knowledge” Items 
 
Symbolic 
Representation 
Graphic 
Representation 
Both 
Number of Items 74 2 
12 
Percentages 84.09% 2.27% 
13.64% 
The above percentages show that there is much more emphasis on items 
with symbolic representation only compared to items with graphical 
representation only and items with both representations. The high percentage of 
problems using symbolic representation only, versus the low percentages of the 
other two representations hinders students’ ability to connect geometry with 
numbers, hence creating difficulties for them to relate graphs to symbols. Using 
both representations for the same items helps students in linking geometry with 
numbers and hence makes it easier for them to answer questions.  
Some items deal with similar types of questions. The types of questions that 
are dealt with in this part are related to the following: finding limits, associating 
graphs with functions, asymptotes, continuity of a function, domain of definition, 
and defining a function related to other functions 
Since the majority of representations used to answer the same type of 
question related to the notions of “finding limits” and “continuity of a function” 
are symbolic, students might face a problem in solving questions related to these 
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notions in different contexts including graphs hence creating an obstacle in 
linking geometry and numbers in different ways.  
Since the type of questions related to the notion of “associating graphs 
with functions” requires the use of both representations and since that is what is 
used, it is adequate. This type of questions help students link between symbols 
and graphs hence eliminates any obstacles that students might face in linking 
geometry and numbers.  
Since the only type of representation used to answer the same type of 
questions related to the notions of “asymptotes”, “domain of definition”, and 
“defining a function related to other functions” is symbolic, students might face a 
problem in solving questions related to these notions in different contexts 
including graphs hence creating an obstacle in linking geometry and numbers in 
different ways.  
 Part Three: For Seeking 
 The third part, “for seeking”, includes exercises and problems that test the 
students’ ability to apply their knowledge of some of the notions mentioned in the 
course section as well as other notions based on previous knowledge. This part 
includes 26 items distributed as follows (Table 4): 
Table 4: Distribution of the “For Seeking” Items 
 
Symbolic 
Representation 
Graphic 
Representation 
Both 
Number of Items 24 0 
2 
Percentages 92.31% 0% 
7.69% 
The above percentages show that there is more emphasis on items with 
symbolic representation only compared to items with graphical representation 
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only and items with both representations. The high percentage of problems using 
symbolic representation only versus the low percentages of the other two 
representations hinders students’ ability to connect geometry with numbers hence 
creating difficulties for them to relate graphs to symbols. Using both 
representations for the same items helps students in linking geometry with 
numbers and hence makes it easier for them to answer questions.  
Some items deal with similar types of questions. The types of questions that 
are dealt with in this part are related to the following: finding limits, continuity of 
a function, representing functions graphically, determining a function related to 
other functions, and solving inequalities. 
Since the only type of representation used to answer the same type of 
questions related to the notions of “finding limits”, “continuity of a function”, 
“determining a function related to other functions”, and “solving inequalities” is 
symbolic, students might face a problem in solving questions related to these 
notions in different contexts including graphs hence creating an obstacle in 
linking geometry and numbers in different ways.  
Since the type of questions related to the notion of “representing functions 
graphically” requires the use of both representations and since that is what is used, 
it is adequate. This type of questions help students link between symbols and 
graphs hence eliminates any obstacles that students might face in linking 
geometry and numbers.  
Part Four: For Training 
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 The fourth part, “for training”, includes exercises and problems that test 
the special students’ ability to analyze their knowledge of the notions mentioned 
in the course section as well as other notions based on previous knowledge. This 
part includes 11 items with their indications distributed as follows (Table 5): 
Table 5: Distribution of the “For Training” Items 
 
Symbolic 
Representation 
Graphic 
Representation 
Both 
Number of Items 10  
1 
Percentages 90.91% 0% 
9.09% 
The above percentages show that there is more emphasis on items with 
symbolic representation only compared to items with graphical representation 
only and items with both representations. The high percentage of problems using 
symbolic representation only versus the low percentages of the other two 
representations hinders students’ ability to connect geometry with numbers hence 
creating difficulties for them to relate graphs to symbols. Using both 
representations for the same items helps students in linking geometry with 
numbers and hence makes it easier for them to answer questions.  
Some items deal with similar types of questions. The types of questions that 
are dealt with in this part are related to the following: domain of definition, sign 
of a function, finding limits, interpreting functions, their sign, and limits 
graphically, asymptotes, and solving equations. 
Since the only type of representation used to answer the same type of 
questions related to the notions of “domain of definition”, “sign of a function”, 
“finding limits”, “asymptotes”, and “solving equation” is symbolic students might 
face a problem in solving questions related to these notions in different contexts 
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including graphs hence creating an obstacle in linking geometry and numbers in 
different ways.  
Since the type of questions related to the notion of “interpreting functions, 
their signs, and limits graphically” requires the use of both representations and 
since that is what is used, it is adequate. This type of questions help students link 
between symbols and graphs hence eliminates any obstacles that students might 
face in linking geometry and numbers.  
In conclusion, the analysis of the curriculum and the textbook revealed some 
significant results related to the concept of limits under study.  
The analysis of the curriculum shows that Grade-10 scope and sequence for 
calculus includes only the study of functions, their graphical representation and using 
graphs to solve equalities and inequalities. Comparing the scope and sequence for grades 
10 and 11 reveals a big gap between the two grades. Grade10 content is limited and does 
not develop enough concepts and skills that would create a basis for grade 11 concepts. 
Most of the concepts in grade11 are not even introduced in grade10, which means that 
students in grade11 have to learn many new concepts that are of a totally new nature as 
compared to those with which they are familiar, a fact that might create difficulties for 
them. On the other hand, the concepts included in grade-11 scope and sequence create a 
good basis for grade-12 content. However, it is noticed that there are some gaps between 
grade 11 calculus contents and those of grade 12, General Sciences track’s scope and 
sequence which might cause some problems.  
 The analysis of the structural description of the textbook chapter on limits reveals 
that the sequence of the sub-sections is mostly appropriate. However, It might have been 
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better for sub-sections six (behavior of a polynomial function at infinity) and seven (limit 
at infinity of a rational function) to come immediately after sub-section two (limits of a 
function at infinity), since the three of them are concerned with limits at infinity. 
Moreover, sub-section ten (operations on numerical functions) should have been at the 
beginning, since it is strictly about operations on numerical functions and students should 
know them before starting to deal with limits. 
 As to the development of the concept throughout the “Course” section of the 
chapter and its relation to potential difficulties the following are noticed: 
 In the first sub-section-notions of the finite limits- only one example with specific 
values is used to explain this notion, with no generalization, which may be a potential 
source of difficulties, especially regarding the identified difficulties (D6) – teaching 
approach and use of representations - and (D7) – The failure to link geometry with 
numbers. In the fourth sub-section -complements and remarks about the limits- the 
information included is not clear and might be confusing to the students (D6).  More 
explanation is required for better understanding. In the fifth sub-section -operations on 
the limits-many examples are included, but it might have been better to include more 
examples in order to represent all the cases of operations, especially when dealing with 
indeterminate forms (D1, D2, and D6).In the sixth sub-section -behavior of a polynomial 
function at infinity-the explanation is short and uses formal algebraic expressions which 
might create some ambiguity for the students if not explained further (D6). In the seventh 
sub-section -limit at infinity of a rational function- the explanation is short and only states 
facts and conclusions which might hinder students’ understanding. Further explanation 
would have helped students understand this notion better (D2, D6). The eighth sub-
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section-limits by comparison- only states facts and draw conclusions out of the given 
facts. No explanation is used for each of the cases or for any of the graphs representing 
these cases. Moreover, few examples are included in this sub-section and they do not 
cover all cases (D6). Further explanation, comments, and examples should have been 
used to help students understand this sub-section better.The ninth sub-section-continuity 
of a numerical function- only states facts and draw conclusions out of the given facts. No 
explanation is used for either the text or the graphs. Students might find it hard to 
understand this sub-section which might lead them to simply memorizing the facts given 
(D6).The tenth and last sub-section of the “Course” section of the chapter-operations on 
numerical functions- includes simple facts with no explanation which might lead students 
to memorizing rather than understanding (D6).  
 The analytical analysis of the textbook reveals that the possible difficulties that 
the textbook creates are related to four of the difficulties in the framework: the notion of 
the infinitely large and infinitely small (D2), the metaphysical aspect of the notion of 
limit (D3), the dilemma whether the limit is attained or not (D4), and the failure to link 
geometry with numbers (D7).  
It is to be noted that the different difficulties are not strictly separate from each 
other, and that they are rather connected. As (D7) is related to the connection geometric-
numeric and is most relevant because of the proliferation of the graphic representations, it 
might be the most important of the difficulties. 
All “Course” sub-sections only state the facts, procedures and properties used in 
solving limits, including infinity, with no explanation of the notion of infinity (D2). By 
just reading these sub-sections students may find it difficult to understand what infinity 
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means and what limit represents (D2). Moreover, the “Course” section mainly states the 
different cases of limits, mostly with no explanation on the way to do the calculations. 
The examples included are the only way for students to see those calculations. But with 
no comments or explanation of the examples, students may find some cases hard to 
understand, and may not be able to induce the main idea and the general procedure (D3, 
D6). In addition, the chapter does not include any discussion about whether the limit is 
attained or not (D4). The use of the phrase “𝑓(𝑥)tends to” as a substitute for the phrase 
“𝑓(𝑥)approaches more and more” as well as the use of the “→” symbol as a substitute 
for “tends to” creates an image in the students’ minds that the limit is not attained. On the 
other hand, the use of the “=” sign means that the limit is attained and equals a finite 
value. This creates confusion in the students’ minds (D4). Those different aspects are not 
discussed and no comments are added to clarify their usage. As to the graphical 
representations in the “Course” section of the chapter, the use of arrows in some cases 
(Figure 7) implies that 𝑓(𝑥)approaches a certain value but does not actually reach it, 
which again creates the same confusion for the students. Using Figure 7 as the only 
example to introduce the concept of finite limits, and the concept of limit in general, 
makes the representations used an important building block in students’ construction of 
the concept. There is always a danger of over-generalization from one example, and thus 
the representations may be taken as representing a general case (D4, D7).  
Moreover, not having the graph of a function (Figure 7) and only having one 
isolated point in a way that implies it is a point of the graph of f, strengthens the idea that 
the limit is reached (D4, D7). 
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In most of the blocks in the “Course” section that are made of a text part and a 
graph one, students are not given any instructions, comments, or explanation regarding 
the graphs and no connection is made between the graphs and the text which might cause 
ambiguity to the students and makes it harder for them to understand the notion (D7). 
Similarly to the lack of connections between graphic and numeric representations, there 
is lack of connections between the different cases in the different parts of the section. 
Comparing different cases graphically as well as symbolically from different sub-sections 
help students understand limits better (D7). As to the majority of the parts in the 
“Course” section, either numeric representations or graphic representations are 
exclusively used. It is noticed that rare are the instances in which a graphic representation 
is connected with the numeric representations with clear connections and transfers 
between them (D7).  
Moreover, the text does not specify the meaning of statements such as: “as great 
as we want”, “is very small”, “is great enough”, or “is close enough” and most of the time 
the associated graphs do not help in clarifying such statements. The graphs (Figure 21, 
22, 23, and 24) are essential in such cases in order to show the students the meaning of 
such statements that are mentioned in the text and help them understand the text better. 
Any failure on the students’ part to link the stated statements to their associated graphs 
causes problems for their understanding of the notion (D7).  
Furthermore, most examples mentioned in the “Course” section have no graphs 
associated with them. The “Course” section provides many examples that indicate how 
students can procedurally find limits which might lead students to memorize or over 
generalize such procedures instead of creating a conceptual understanding of the concept 
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in students’ minds (D7). Graphs in this case would have helped in overcoming such a 
difficulty (D7). There are also other cases where the use of graphs is required and only 
text was used. For example, when dealing with asymptotes, operations on the limits, 
uniqueness of the limit, and behavior of a polynomial function at infinity the use of 
graphs is essential for students to visualize the notions. The text used to explain these 
notions is not clear on its own and might be confusing to the students. The text used in 
most cases does not provide any justification or validation of the fact but just states it as 
something that should be admitted with no questioning. Although the included examples 
help in explaining them further, the usage of graphs is essential in order to eliminate any 
ambiguity caused by the text (D7). 
Last point worth mentioning about the “Course” section is the way it deals with 
the notion of “indeterminate form” (D1, D2) which is a hard notion to understand since in 
this notion infinity is used in fractions just like any finite number and 0 is accepted to 
occur in the denominator, after years of studying mathematics where such a form was 
totally rejected. The “indeterminate” forms are just displayed, without any definition of 
what “indeterminate” means? Why is it indeterminate? It is just mentioned that these 
forms “need a particular study “for removing the indeterminacy”, and that in each form, 
“the function could have a finite limit, infinite limit or no limit” (D2). 
As for the “Exercises and Problems” section, the analysis shows that symbolic 
representation, graphical representation, as well as a mixture of both are used to ask 
questions about different notions. The use of all three representations help students solve 
and relate problems related to different notions in different contexts. This helps students 
understand the concept of limits better. Although that is true, the use of pure symbolic 
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representation dominated the use of graphic one or the mixture of both, which might 
create some difficulties for students in solving future problems involving graphs (D7). 
4.3 Observation Log Analysis 
 This section presents the results of the class observation and the findings from the 
analysis of the observation log. The observation log is used as an instrument to identify 
and classify the types of difficulties that the students face while learning the concept of 
“limits of a function”. It was used as an instrument to record a thorough observation of 
students’ interactions during the teaching / learning sessions. Detailed notes of the 
exercises and problems tackled and student-student and student-teacher discussions were 
taken session by session. These notes include all the instances where students faced 
difficulties while dealing with the concept inside the classroom. Types of obstacles and 
difficulties were derived from the observation log and categorized based on the 
framework. 
 The analysis is based on the compiled list of difficulties adopted as a background 
for detecting, from the students’ interventions and questions, their perceptions of the 
concept of limit, as well as the difficulties that they may be facing learning it. Also the 
teacher’s approach and explanations are examined for the potential conceptions they 
induce and difficulties they may cause. 
4.3.1 (D1) Insufficiency of simple arithmetic or algebra and shift in symbolism 
 We can witness throughout the observation log that many times the mathematical 
and symbolic tools that had been used so far in arithmetic and algebra have acquired new 
meanings and shifted to different areas. For instance the symbol “=” does not mean 
anymore what it used to mean: more specifically, when the teacher wants to use the 
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“equal” sign after the expression “limit”, this “equal” sign carries a 
new meaning, because the two quantities on either side of it have difference qualities, 
hence the difficulty. Even the equal sign in has a different significance 
than the “equal” sign in f(3)=2x3-3.  
The same applies to 
1
0+
 = infinity or . So in general the concept of 
limit requires a type of calculation that cannot be performed using simple algebra and 
arithmetic. 
 Another instance occurs with the “+” and ‘-” signs: when the teacher adopts the 
symbol 4+ or 4-, the use of this symbol is unlike its use in the algebra context, whereby 
the same symbolic representation is sometimes used to introduce the signed numbers, 
which makes it prone to confusion. In that context, 4- for example, used to signify 
negative 4 or -4. 
Aware of such potential confusions, the teacher emphasized the following distinctions 
(Figure 31): 
 
 
Figure 31. Use of the “+” and “-” Signs 
4.3.2 (D2) The notion of the infinitely large and infinitely small.  
 It was noticed from the observations that students often assume that the symbol Ɛ 
represents a number which is not zero yet is smaller than any positive real number. In 
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practice, the infinitely small is alluded to as the distance between x and a number a, when 
x approaches a. For example, when a is 4, and x gradually approaches 4 “as much as we 
want”, following is a list of gradually closer and closer values to 4 (Figure 32), that the 
teacher assigns to x. 
 
Figure 32. List of Gradually Closer and Closer Values to 4 
The teacher alluded to this when she says x approaches 4. On the other hand, the 
infinitely small is also seen as the inverse of the infinitely large.  
 On the other hand, there is confusion over the passage from finite to infinite, in 
understanding ‘what occurs at infinity’, which might explain why the “indeterminate 
form” is so obscure. It is to be noted that the said specific form is not explained as it 
should be: there is a lot of potential for this form, and it is overlooked in the teaching / 
learning process, as in the difference between the infinity reached by x2 and x100 as x 
approaches infinity. The teacher was satisfied with operations that involve infinity 
(Figure 33), given to the learners in an algorithmic format that should be admitted with 
no questioning or thinking: 
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Figure 33. Operations that Involve Infinity 
It should be noted that this is how the indeterminate form is also presented in the 
textbook. 
4.3.3 (D3)The metaphysical aspect of the notion of limit 
 It might occur to the students that working with limits is not Mathematics, 
because we seem to be operating with infinity or dividing by zero, which is completely 
rejected by “exact” mathematics. The distinction between 
1
0+
 and lim
𝑥→0+
1
𝑥
 seems to remain 
at the metaphysical level. We are not sure if the teacher suggested that, in one case, it is 
attained and in the other it is not (Figure 34). 
 
Figure 34. Distinction Between 
1
0+
 and lim
𝑥→0+
1
𝑥
 
 Again, the indeterminate form is an obvious instance of the compromises that are 
made, which make the concept seem to be at the border of mathematics. When it is 
convenient, infinity is treated as a number, (such as: operations with infinity), hence the 
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lack of the traditional rigor, according to the students. This duality in the nature of 
infinity is definitely confusing (Figure 33).  
 Along the same lines, students watch a long process being conducted, the result of 
which may be: “limit does not exist”, which is a bit abstract for them (Figure 35). 
 
Figure 35. Process: “Limit does not Exist” 
4.3.4 (D4) Is the Limit attained or not? 
 To the students it is intriguing that when a variable is approaching a number; the 
difference between them is disappearing, on the point of vanishing. Which causes the 
distinction between 
1
0+
 ,  
1
0.00000001
 ,
1
−0.0000000001 
 , 𝑎𝑛𝑑 lim
𝑥→0
1
𝑥
  remain at the metaphysical 
level. We are not sure if the teacher suggested that in one case it is attained and in the 
other it is not. So, for instance, when we say x = 1.001 then y = f(x) = 2-x, we have 
f(1.001) = 0.999 here we have a double difficulty. Neither is x reaching 1, nor is y 
reaching 1. So this difficulty is double-folded (Figure 36). 
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Figure 36. Double-folded Difficulty 
4.3.5 (D5) Difficulties embodied in the language and symbolism;  
 The x and y axes are said to have a “positive and negative sense”, which will later 
justify the use of the symbol 4+ or 4- (Figure 37). (This sort of terminology imbeds within 
the allusion that “increasing sense” or “east bound” is referred to as positive sense). 
 
Figure 37. Axis of the Orthonormal System 
 This same terminology is adopted for the “table of variation.” So growing is 
positive and shrinking is negative. We know that a more natural reference would be > and 
< or up arrow and down arrow, rather than + and -, which refer to adding and subtracting, 
rather than to a direction. So when the symbol x (forward arrow ) 4- is adopted, it is 
bound to create a confusion, since the forward arrow contradicts the “minus” symbol. 
One is forward, the other is backward. 
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4.3.6 (D6) Teaching approach and use of representations 
 Students don’t partake in the decision that leads to the conventional symbolism. 
The symbol xa-, which geometrically suggests a growth, as in an increasing growth, is 
perplexing because in this case it refers to a decrease because of the “-” sign in “a-”.  
Also, while 0+ and 0- barely “differ”, all the difference lies between their inverses (Figure 
38). 
 
Figure 38. Difference Between 0+ and 0- 
 Students are also reluctant to use the visual approach, although the usage of visual 
representations can make solving certain problems much easier. The teacher eventually 
promotes the use of procedural methods over conceptual understanding, because it allows 
them to summarize the lesson with a flow chart (Figure 39). 
 
Figure 39. Summary of Lesson Using Flowchart 
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 We notice that the limits involving the artificial fractions that can be magically 
simplified are “overrated” (probably because they are easier to test). So after a deep 
explanation of limit with examples and figures, applications unfortunately boil down to a 
mere execution of an algorithm. 
4.3.7 (D7) The failure to link geometry with numbers 
 There is no smooth transfer from geometrical-graphical figures to a purely 
numerical interpretation. We can see this fact clearly in the way a piece-wise-defined 
function, the different equations representing f are always vertically aligned per sub-
domain, whereas the graphs they represent are horizontally aligned (Figure 40) which 
could be counter-intuitive. 
 
Figure 40. Piece-wise-Defined Function 
 In conclusion, the analysis of the observation log reveals several results regarding 
two axes: students’ perception of limit and infinity, and their difficulties in learning the 
concept of limit, as guided by the compiled list of difficulties adopted.  
 Concerning students’ perceptions, the analysis of the observation log reveals that 
it might appear to students that working with limits is not Mathematics, since operating 
with infinity or dividing by zero, is completely rejected by “exact” mathematics in their 
opinion (D3). Also, students look at a long process being conducted, the result of which 
may be: “limit does not exist”, which is a bit abstract for them (D3). Moreover, the 
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observation log shows that students often assume that the symbol Ɛ represents a number 
which is not zero yet is smaller than any positive real number. 
In addition to the difficulties that the above perceptions may create, the analysis reveals 
the following difficulties: 
 We can witness throughout the observation log that many times the mathematical 
and symbolic tools that had been used so far in arithmetic and algebra have acquired new 
meanings and shifted to different areas (D1).  Use of “=” sign as well as “+” and “-” signs 
are examples of such instances.  
 It also reveals that there is confusion over the passage from finite to infinite, in 
understanding ‘what occurs at infinity’, which might explain why the “indeterminate 
form” is so obscure (D2). 
 Furthermore, there is no definite answer to whether the limit is attained or not. To 
the students it is intriguing that when a variable is approaching a number; the difference 
between them is disappearing, on the point of vanishing (D4). The extent to which this 
difference is disappearing is not clear (D4).  
 Moreover, the use of certain terminology without explicitly explaining its 
meaning creates some confusion on the students’ part. One example is the use of 
“positive sense” in exchange for “increasing sense” or “east bound” to explain what the 
arrows in the orthonormal system means (D5).  
 In addition, since students do not participate in the decision that leads to the 
conventional symbolism and are reluctant to use the visual approach, the teacher 
eventually promotes the use of procedural methods over conceptual understanding (D6).  
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 Last, there is no smooth transfer from geometrical-graphical figures to a purely 
numerical interpretation. One example is the discrepancy in the way a piece-wise 
function is defined symbolically (vertically aligned per sub-domain) versus graphically 
(horizontally aligned), which could be counter-intuitive. 
4.4 Formative Tests Analysis (Test1 and Test2) 
 The following section includes an analysis of the two tests prepared by the 
teacher, Test1 and Test2 (Appendices A and B).   
4.4.1 Test1 Analysis 
 The first test, Test1 (Appendix A), is a paper-pencil test prepared by the class 
teacher. It addresses the concepts of limits, asymptotes, and continuity of functions. The 
test was conducted in the classroom with duration of 20 minutes. It was conducted during 
the first month of the first academic year immediately after the end of the lesson about 
the limit concept (Functions: Limits - Continuity). Test items are based on students’ 
knowledge of the concept of limits as well as their ability to apply their understanding in 
solving problems related to the concept (asymptotes and continuity of functions).  
All questions require students to justify their answers when needed. The test 
includes three items some of which are divided into several parts. The main characteristic 
of the test is the fact that it focuses on the symbolic algebraic representation of a function. 
The students are required to find the limit of the function at certain points or at infinity, to 
detect asymptotes, or to study the continuity of the function.  
 The first part of this section incorporates a priori analysis of Test1. The priori 
analysis includes a brief explanation of each chosen question in the test based on a table 
(Appendix E) that includes: the questions of the test, their solutions, concepts and skills 
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involved, and potential difficulties. The second part incorporates the analysis of students’ 
work based on the priori analysis as well as the framework adopted. 
 Since Test1 questions are all directly related to the concept of limits: finding 
limits, continuity and asymptotes, the whole test is examined in the priori analysis and 
students’ work analysis. 
4.4.1.1 A Priori Analysis Test1 
 The following section includes an a priori analysis of the test, based on a table 
(Appendix E) that includes a step-by-step solution of each question of the test, regarding 
possible errors and their meaning in relation to possible difficulties. 
 In Question I (Figure 41) a piece-wise function is given by its algebraic 
representation. The question is divided into three parts that address the concept of 
asymptotes. The first part (A) specifies an equation of a vertical straight line x = 1. 
Students should investigate whether the function admits that line as a vertical asymptote. 
The second part (B) specifies the equation of the asymptote to be tested (x = 5) but not its 
type. Students should figure out what its type is on their own then investigate whether the 
given function admits that line as an asymptote. The third part (C) asks the students about 
the number of horizontal asymptotes that the curve admits.  In all three parts the students 
are asked to justify their answers.  
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Figure 41. Test1 Question I 
 Question II (Figure 42) in the test includes different functions for which students 
are asked to find the limits. It is divided into four parts. In the first part (A) a rational 
function is given and students are asked to find its limit at a point at which it is not 
defined (x tends to 1). The limit is finite. In the second part (B) a function with a square 
root is given and students are asked to find its limit at infinity.  In the third part (C) a 
piece-wise function is given and students are asked to find its limit at its point of change 
(x tends to -5). In the fourth part (D) a rational function is given and students are asked to 
find its limit at a point not belonging to its domain (x tends to 4).  
 
 
 
Figure 42. Test1 Question II 
 In Question III a rational function is given and students are asked to find the value 
of the function at a certain point (x = 9) that makes the function continuous at that point.   
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Figure 43. Test1 Question III 
4.4.1.2 Students’ Work Analysis Test1 
 This section includes the analysis of students’ work on the Test1 prepared by the 
teacher. This test is analyzed based on the difficulties set earlier. Each major difficulty is 
discussed and examples from student’ work are given. 
(D1) The limit process cannot be performed by simple arithmetic or algebra 
 Some students did not find the value of a function at a given point first in order to 
check for I.F. first before continuing to find limits (d1, d6). In question IIA, for example, 
six students started finding the limits without substituting the value first to check for I.F., 
and in question IIB seven students did the same. 
 Other students did not continue after recognizing I.F. (d1, d6). In question IIA and 
IID, for example, three students did not continue after recognizing I.F. and in question 
IIB five students had the same problem. 
 Moreover some students could not recognize I.F. (d1, d2, d3). Figures below 
show some cases of such a difficulty from different questions.  
Figure 44 shows one student who considered  
0+
0+
 to be equal to 1in question IA. 
 
 Figure 44. Test1 Indeterminate Form  - IA 
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Figure 45 shows one student who considered  
0
2
 to be I.F. in question IIA. 
 
 Figure 45. Test1 Indeterminate Form - IIA 
 Figure 46 shows four cases of question IID where students correctly recognized 
I.F. when substituting the value of 0 first ( 
0
0
 I.F.), but then gave different wrong answers 
when they tried to continue by substituting for 0+ and 0- .  First and second students got 
an answer of 0. This shows that they applied the rule of zero divided by any number is 
equal to zero which does not apply here (d1, d2). Third student got an answer of 1. This 
shows that he/she applied the rule of any number divided by itself  is equal to one which 
does not apply here (d1, d2). Fourth student got an answer of infinity. This shows that 
he/she applied the rule of any number divided by zero is equal to infinity which does not 
apply here (d1, d2). 
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 Figure 46. Test1 Indeterminate Form  - IID 
(D2) The notion of the infinitely large and infinitely small 
 Some students had problems with the existence of an asymptote (d2, d3, d4, d5, 
d6). Some students gave the wrong justification for the existence of the asymptote and 
others did not even solve at all.  
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 Question IA requires students to check if the straight line of equation x = 1 is a 
vertical asymptote to the given function. Figure 47 shows three cases where students gave 
wrong justifications for the existence of the vertical asymptote (point does not belong to 
the domain of the function instead of it being different from infinity). This can directly be 
related to the student’s understanding of what happens at infinity (d6) as well as infinitely 
small (d2, d4) and large numbers (d3, d5).   
 
 
 
 Figure 47. Test1 Existence of Asymptote - IA 
 In question IC students are required to find how many horizontal asymptotes the 
given function has. Four students did not solve this question.  
(D3)The metaphysical aspect of the notion of limit 
 Some students over-generalized the rules of finding limits at infinity for 
polynomial and rational functions using leading terms into finding them for irrational 
functions at infinity or at a finite point using the same procedure (d1, d2, d3). Figure 48 
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shows some cases of such a difficulty. The first two students over-generalized the rule to 
solve question IIB which requires students to find the limit at infinity of an irrational 
function with a square root in its numerator. Both students used leading terms to solve the 
problem. The third student did the same in question III, but he/she over-generalized the 
rule to find the limit of the given irrational function at a finite point. 
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 Figure 48. Test1 Overgeneralization of Rules - Finding Limits  
(D9) Function 
 The notion of functions is an essential concept that students must master before 
learning the concept of limit. Without a thorough understanding of the concept of 
functions, students will face many difficulties while learning the concept of limit (d1, d2, 
d3). One of the main aspects that students should know is the understanding of a piece-
wise function and its properties. Choosing the correct side of this type of function is 
essential to solve limit problems correctly.   
 One student in question IA and one student in question IC chose the wrong side of 
a piece-wise function (d1, d2, d3) in order to solve the problem hence got a wrong 
answer. Figure 49 shows these two cases. 
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 Figure 49. Test1 Choosing Wrong Side of Piece-wise Function 
 Figure 50 shows two cases where students used both sides of the function to find 
the limit at positive infinity for question IC (d1, d2, d3).  
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 Figure 50. Test1 Choosing Both Sides of Piece-wise Function 
 Figure 51 shows one case where students used the same side of the function to 
find the limit at positive and negative infinity for question IC (d1, d2, d3).  
 
 Figure 51. Test1 Choosing Same Side of Piece-wise Function 
(D10) Previous knowledge of topics related to the concept of “limit of a function” 
 Concepts in mathematics are related to each other and what students learned in 
previous years is essential in order for students to be able to understand the concept of 
limit and solve problems related to it. Some of the topics that are needed can be related to 
the following: solving equations and inequalities (d3), dealing with variables (d4), 
factoring (5), radicals (6), powers (7), absolute values (d8), fractions (d9), and equation 
of a straight line (d10).  
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 Some students had problems with solving equations and dealing with variables 
(d3, d4). Figure 52 shows some cases where students had problems with substituting 
values for variables and calculations while solving equations (d3, d4). First two students 
had this type of problem while solving question IA. Third student had this problem while 
solving question IIA and fifth and sixth students while solving question IIC. 
.   
 
  
 
 
 Figure 52. Test1 Substituting Values and Calculating - Solving Equations 
 Some students had problems with factorization and eliminating like terms (d5, 
d9) in order to solve equations (d6). Figure 53 shows some cases of such a difficulty. 
First student could not factorize correctly the numerator resulting in a wrong answer for 
question IB (d5). Second student did not eliminate like terms in order to continue solving 
the problem (d9). Third and fourth students had mistakes rationalizing and factorizing a 
function containing square roots hence got a wrong answer for question III (d5, d6). 
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 Figure 53. Test1 Factorization and Eliminating like terms 
 Some students had problems when dealing with fractions (d9). Figure 54 shows 
three cases of such a difficulty that students faced while solving question IIA. In the three 
cases students could not continue solving the problem and got stuck trying to deal with 
division of fractions (d9). 
  
134 
 
 
 
 
 Figure 54. Test1 Dealing with Fractions 
 Only one student had problems with the equation of an asymptote (d10). He/she 
used “x =” instead of “y =” for the equation of a horizontal asymptote in question IC 
(figure 55).  
 
 Figure 55. Test1 Equation of an Asymptote  
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 Two students wrote horizontal asymptote (HA) instead of vertical asymptote 
(VA) although the equation used was “x =” (d10). Figure 56 shows these two cases where 
students made such a mistake (in question IA and IB respectively). 
 
 
 Figure 56.  Test1 Horizontal Asymptote Instead of Vertical Asymptote 
 In conclusion, the analysis of Test1 shows that the difficulties that students face 
while learning the concept of limit are mainly related to the following:  
 (D1) The limit process cannot be performed by simple arithmetic or algebra 
 (D2) The notion of the infinitely large and infinitely small 
 (D3) The metaphysical aspect of the notion of limit 
 D9) Function 
 (D10) Previous knowledge of topics related to the concept of “limit of a function” 
4.4.2 Test2 Analysis 
The second test, Test2 (Appendix B), is a paper-pencil test prepared by the class 
teacher. It addresses the concepts of limits, asymptotes, continuity of functions, 
differentiability of functions related to continuity, derivatives of functions, and tangents 
to graphs of functions. The test was administrated in the classroom during 100 minutes. It 
was conducted during the second month of the first academic year after the end of the 
lessons about functions’ derivative. For the purpose of this study, only the questions 
related to the concept of limit will be considered for analysis. 
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All questions require students to show their work and some questions require 
students to justify their answers when needed. The test includes four items, each divided 
into several parts. The main characteristic of the test is the fact that it focuses on the 
connections between the symbolic and graphic representations of a function. In most of 
the questions considered for analysis, the graph of a function is provided, and students are 
required to find the limit of the function at certain points or at infinity, or to study the 
continuity of the function. In the other questions, a function is given through its algebraic 
representation, and questions are asked regarding the graph of the function. 
 The first part of this section incorporates a priori analysis of Test2. The priori 
analysis includes a brief explanation of each chosen question in the test based on a table 
(Appendix F) that includes: the questions of the test, their solutions, concepts and skills 
involved, and potential difficulties. The second part incorporates the analysis of students’ 
work based on the priori analysis as well as the framework adopted. 
4.4.2.1 A priori Analysis Test 2 
 Appendix F includes a table presenting step-by-step solutions to the questions of 
the test with an analysis of each step regarding possible errors and their meaning, related 
to possible difficulties. A short description and reflection follows: 
 Figure 57. Test2 Question I 
 In Question I (Figure 57) a rational function f is given by its algebraic 
representation. It addresses the concept of vertical asymptote. Students should investigate 
whether the function admits the y-axis as a vertical asymptote and justify their answers.  
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 Figure 58. Test2 Question II 
 Question II (Figure 58) in the test provides the curve of a piece-wise function f 
(original function) whose algebraic equation is not given. Students should use the graph 
to find the two-sided limit, at the point -4, of a new function defined in terms of the 
original function f and the value of f at the point -4. The solution requires using the curve 
to find the limits. The limit is related to the tangent at that point.   
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 Figure 59. Test2 Question III 
 Question III (Figure 59) in the test consists of two parts. The first part provides a 
curve C of a function f whose algebraic equation is not given, and requires finding the 
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limit of f at positive and negative infinity. To answer this question, students should read 
the graph and interpret the graphical clues.  
The second part of question III includes a new piece-wise function g with the first 
function f (a rational function) being one piece of it. The second piece is a polynomial 
function hose algebraic expression includes a parameter. Students are required to find the 
value of the parameter that makes g continuous at the critical point where the piece-wise 
function shifts from one piece to the other. This question involves the notion of 
continuity of a function at a singular point, requiring the equality of two limits (to the 
right and left of the point) and a value, which is the value of the function at the specific 
singular point.   
 
 
 Figure 60. Test2 Question IV 
The fourth item (Figure 60) in the test (Question IV) provides the algebraic 
expression of a rational function f. It requires finding the limits of that function at positive 
and negative infinity. While the previous question (question III) provides a graph ad 
requires a shift from graphical to numerical, this question is the opposite: It starts with the 
numerical and shifts to the graphical by asking for an interpretation of the results. 
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4.4.2.2 Students’ Work Analysis Test2 
 This section includes the analysis of students’ work on the test 2 prepared by the 
teacher. This test is analyzed based on the difficulties set earlier. Each major difficulty is 
discussed and examples from student’ work are given. 
(D1) The limit process cannot be performed by simple arithmetic or algebra 
 Simple arithmetic and algebra are not enough anymore to find limits (d1, d2). 
Some new procedures are involved in the limit process. These procedures are mainly 
related to:  
 Checking limits for indeterminate form and how to get rid of them (d6) before 
even starting to find the limit.  
 Requiring students to calculate limits to the left and right of the point in order to 
insure their existence (d5).  
 Dealing with the concept of infinity (d3) which creates confusion on the students’ 
part.  
  In Question IA, eight students did not find the value of function at a given point 
first in order to get Indeterminate Form (I.F.) before continuing to find limits (d1, d6). 
Four students did not continue after recognizing Indeterminate Form (d1, d6). Moreover, 
some students could not recognize I.F. (d1, d2, d3). Figure 61 shows all cases of students 
who could not recognize I.F. (d1, d2, d3). First two students considered that a result of  
0
0
 
is equal to ∞ instead of I.F. The third student wrote I.F. then scratched it out. The fourth 
student considered that a result of  
0
0
 is equal to 0 instead of I.F. 
141 
 
 
 
 
 
142 
 
 
 Figure 61.  Test2 Indeterminate Form – IA 
 Question III Part IIB requires students to determine a missing variable in the 
equation of one side of a piece-wise function in order to make it continuous over a given 
domain. This demands the ability of students to apply the condition of continuity which 
requires more than mere algebra and arithmetic (d1, d2, d5). Only two students had 
difficulties with continuity related to limits (d1, d2, d5). Figure shows the two cases of 
such a difficulty. The first student did not know the condition for a function to be 
continuous and tried calculating the value of the function at both sides instead of the limit 
(d1, d2). The second student knew that the limits at both sides of the given point should 
be equal but forgot that they should also be equal to the value of the function at that point 
hence did not continue solving the problem (d1, d2, d5). 
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 Figure 62. Test2 Continuity – III Part IIB 
(D2) The notion of the infinitely large and infinitely small 
 The nature of the notion of infinity is hard for students to understand. 
Understanding the notion of the infinitely large (d3, d5) and infinitely small (d2, d4) is 
essential in understanding the limit concept specially when related to asymptotes. The 
existence and understanding of asymptotes depend on students’ understanding of what 
happens at infinity (d6). Some students had problems with the existence of an asymptote. 
 Question IA requires students to check if the given function admits the y-axis as a 
vertical asymptote. Two students wrongly justified the existence of the asymptote (point 
does not belong to the domain of the function instead of it being different from infinity) 
and this can be directly related to the student’s understanding of what happens at infinity 
(d6) as well as infinitely small (d2, d4) and large numbers (d3, d5). Figure 63 shows 
these two cases. 
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 Figure 63.  Test2 Equation of an Asymptote  
 Question IVA requires students to give a graphical interpretation of the limits of 
the given function at positive and negative infinity. This interpretation is related to the 
vertical asymptote of the function. It is directly related to the student’s understanding of 
what happens at infinity (d6) as well as infinitely small (d2, d4) and large numbers (d3, 
d5). Some students had problems with differentiating between vertical asymptote (VA) 
and horizontal asymptote (HA). These students wrote horizontal asymptote (HA) instead 
of vertical asymptote (VA) although they solved the limits correctly. This type of mistake 
shows the inability of these students to understand that in order to have a vertical 
asymptote a function should tend to infinity when x tends to a finite number (d3, d5, d6).  
 Figure 64 shows all cases of such a difficulty.  
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 Figure 64.  Test2 Horizontal Asymptote Instead of Vertical Asymptote 
(D3)The metaphysical aspect of the notion of limit 
 Before the introduction of the concept of limits, students understood mathematics 
as rigorous, clear, and accurate (d1, d2, d3). When the limit concept is introduced 
students start to feel that limit is not really mathematics (d1). Such reasons create a 
difficulty for students when learning the concept of limit. Overgeneralization of rules 
becomes one of the main results of such a difficulty.  
 One student over-generalized the rules of finding limits at infinity for polynomial 
and rational functions using leading terms into finding them for irrational functions using 
the same procedure. Figure 65 shows such a difficulty in question IA.  
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 Figure 65.  Test2 Overgeneralization of Rules - Finding Limits 
(D7) The failure to link geometry with numbers 
 Since most questions in this test are based on interpreting graphs in order to 
answer questions related to limits, a solid understanding of the relation between functions 
and their graphs becomes essential. The ability to link geometry with numbers and 
symbols help students better visualize and understand the concept of limit, failure to do 
so creates difficulties for  students in understanding  the concept (d1, d2).  
 Question III Part IA requires students to find the limit of a given function at 
positive and negative infinity by reading its curve. Some students had difficulties with 
finding limits from the graph. Figure 66 shows all cases of such a difficulty. All students 
got the wrong limits (0 instead of 1), due to their inability to read the curve of the 
function correctly. 
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 Figure 66. Test2 Finding Limits from the Graph – III Part IA 
 Question IIA requires students to read the curve of the given piece-wise function 
in order to find its limit at the two sides of a given point (4+ and 4- ). Some students had 
difficulties with recognizing semi tangent from graph in order to find limits (d1, d2). 
Figure 67 shows some cases of such a difficulty.  
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 Figure 67. Test2 Finding Limits from the Graph – IIA 
(D10) Previous knowledge of topics related to the concept of “limit of a function” 
 In order for students to be able to understand the concept of limit and solve 
problems related to it, some previous knowledge of other topics must be mastered. Some 
of these topics are: solving equations and inequalities (d3), dealing with variables (d4), 
factoring (5), radicals (6), powers (7), absolute values (d8), fractions (d9), and equation 
of a straight line (d10). Any gap in mastering these concepts can create a major problem 
in understanding the limit concept.  
 In Question IA students should be able to deal with variables (d4) and solve 
equations (d3) having square roots (d6) in order to solve the problem.  Some students had 
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problems with calculations while solving the equation. Figure 68 shows all cases of such 
a difficulty.  
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 Figure 68. Test2 Solve Equations: Square Roots 
 Some students had problems with factorization and eliminating like terms (d5, 
d9) in order to solve equations that have square roots (d6). Figure 69 shows all cases of 
such a difficulty. First student did not eliminate the common factor x in the final steps of 
the problem hence resulted in a wrong answer of  
0
0
. Second student did not know how to 
take common factor in order to continue solving.  
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 Figure 69.  Test2 Factorization and Eliminating like terms 
 In conclusion, the analysis of Test2 shows that the difficulties that students face 
while learning the concept of limit are mainly related to the following: 
 (D1) The limit process cannot be performed by simple arithmetic or algebra 
 (D7) The failure to link geometry with numbers 
 (D10) Previous knowledge of topics related to the concept of “limit of a function” 
 (D2) The notion of the infinitely large and infinitely small 
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 (D3)The metaphysical aspect of the notion of limit 
4.5 Post-test and Questionnaire Analysis 
4.5.1 Post-test Analysis 
The Post-test (Appendix C) is a paper-pencil test prepared by the researcher. It 
addresses the concepts of functions, limits, asymptotes, and continuity of functions. The 
test was administrated a year after the second test (Test 2) with a duration of 50 minutes.  
Test items are based on students’ knowledge of the concepts of functions and 
limits as well as their ability to apply their understanding in solving problems related to 
the concepts (dealing with functions, testing functions for continuity, finding limits, 
finding domain and range of functions, dealing with asymptotes, constructing tables of 
variation, as well as dealing with minimum and maximum values). 
All questions require students to justify their answers. The test includes four 
questions, each divided into several parts. The first question consists of six “True or 
False” items. The second question consists of 11 multiple-choice items. The third 
question consists of four items on finding limits algebraically. The fourth question 
consists of four items on finding limits using a graph.  
 The first part of this section incorporates a priori analysis of the post-test. The 
priori analysis includes a brief explanation of each chosen question in the test based on a 
table (Appendix G) that includes: the questions of the test, their solutions, concepts and 
skills involved, and potential difficulties. The second part incorporates the analysis of 
students’ work based on the priori analysis as well as the framework adopted. 
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4.5.1.1 A Priori Analysis Post-test  
 The following section includes a short description of each question. A detailed 
step-by-step solution of the first part of the test with an analysis of each step regarding 
possible errors and their meaning as related to possible difficulties. 
Question I 
Answer by True or False and justify your answer.  
1. For any polynomial function defined by p(x), and for any real number a, 
ax
xp

)(lim  
is always equal to p(a). 
ax
xp

)(lim = p(a) 
2. The curve of a rational function may cross its vertical asymptote. 
3. The curve of a function may cross its horizontal asymptote. 
4. If a function f is not defined at x = a then the 
ax
xf

)(lim never exists. 
5. If the 
ax
xf

)(lim and the 
ax
xg

)(lim exist, then 
ax
ax
ax xg
xf
xg
xf




)(lim
)(lim
)(
)(
lim  
6. If 
ax
xf )(lim = L1, 
ax
xf )(lim = L2, then 
ax
xf

)(lim exists only if L1 = L2. 
 Figure 70. Post-test Question I 
 Question I (Figure 70) in the test includes six “True or False” questions that 
address two main concepts: asymptotes and limits. In number one, students are required 
to apply their knowledge of polynomial function, its continuity and its limit in order to 
check the relation between the limit of that function at a point with its value at that point. 
In number two, students are required to apply their knowledge of rational function, its 
limit and asymptotes to check if that function may cross its vertical asymptote. In number 
three, students are required to apply their knowledge of function, its limit and asymptotes 
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to check if that function may cross its horizontal asymptote. In number four students are 
required to apply their knowledge of undefined function at a point and its limit to check if 
the limit of that function at that point exists of not. In number five students are required to 
apply their knowledge of functions and their limits to check if the quotient of their limits 
is equal to the limit of their quotient. Number six checks the students’ knowledge of an 
important property of limits. 
Question II 
Each of the following questions has one correct answer. Choose the correct answer 
and justify your choice.  
7. 
 
 
 
8. If )()()( 2121 xxfxfxf  for any real numbers 1x and 2x , which of the 
following could define f ? 
 
9.        If the domain of the function f given by
21
1
)(
x
xf

 is 1: xx , what is the 
range of f ? 
 (A)  -∞ < f(x) < -1 (B)  -∞ < f(x) < 0 (C)  -∞ < f(x) < 1  
  (D)  -1 < f(x) < ∞  (E)  0< f(x) < ∞  
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10. What is the domain of the function f given by
3
4
)(
2



x
x
xf ? 
 
 
11. 
 
12. 
 
13. 
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14. If  
3
7)(lim


x
xf , which of the following must be necessarily true? 
 
 
 
 
15.  
 
 
 
 
16.  The straight line of equation y = 1 is an asymptote to the curve of the 
function f defined by: 
 
17.  For 
4
20
)(,4
2



x
xx
xhx . What value should be assigned to )4(h to make 
)(xh continuous at 4x ? 
(A) -1  (B) 0  (C) 5  (D) 9  (E) 20 
 Figure 71. Post-test Question II 
Question II (Figure 71) includes 11 multiple-choice items that address several 
main concepts: functions (domain and range, function of a function, and symmetry), 
continuity, asymptotes and limits. In the first part, number seven, students to find the 
value of a function of a function. The second part, number eight, students are required to 
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apply their knowledge of the characteristics of a line passing through the origin in order 
to define a function. The third part, number nine, students are required to apply their 
knowledge of irrational functions and absolute values in order to find the range of the 
function range over a specified domain. The fourth part, number ten, students are 
required to apply their knowledge of irrational functions and radicals in order to find the 
domain of the function. The fifth part, number 11, students are required to find the limit 
of function at infinity. The sixth part, number 12, students are required to apply their 
knowledge of continuity of a function over a closed interval in order to test several given 
statements. The seventh part, number 13, students are required to apply their knowledge 
of continuity, maximum and minimum values of a function in order to find the maximum 
and minimum values of other functions based on the original function. The eighth part, 
number 14, students are required to apply their knowledge of limits, continuity, and 
differentiability in order to test several statements based on a given value of a limit. The 
ninth part, number 15, students are required to apply their knowledge of symmetry w.r.t. 
x-axis, y-axis, and the origin in order to test the symmetry of a given graph. The tenth 
part, number 16, students are required to find the function that admits a given line as an 
asymptote. The eleventh part, number 17, students are required apply their knowledge of 
limits and continuity in order to find the value of an irrational function at a given point 
not in the domain that makes the function continuous at that point.  
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Question III 
Find the following limits. 
18.  
2
83lim


x
x  
19. 
x
x)sin(lim  
20.  
3
2
3
9
lim



t
t
t  
21.  
5
2
5
5
lim



x
x
x
 
 Figure 72. Post-test Question III 
Question III (Figure 72) in the test includes different functions for which students 
are asked to find the limits. It is divided into four parts and addresses the concept of 
limits. The first part, number 18, includes a polynomial function and students are asked to 
find its limit at a point. The solution requires students to substitute the value of x in order 
to find the limit. The second part, number 19, includes an oscillating function and 
students are asked to find its limit at infinity. The solution requires students to apply their 
knowledge of oscillating functions in order to find the limit. The limit does not exist. The 
third part, number 20, includes a rational function and students are asked to find its limit 
at a point at which it is not defined. The solution requires processing the composite 
numerator, factor it and simplify to get rid of the denominator. The limit is finite. The 
fourth part, number 21, includes an irrational piece-wise function with an absolute value 
and students are asked to find its limit at infinity. The solution requires processing the 
composite numerator, factor it and simplify to get rid of the denominator. 
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Question IV 
Refer to the curve of function f given below to answer each of the following exercises. 
22.
2
)(lim
x
xf  
23. 
x
xf )(lim  
24.  
1
)(lim
x
xf  
25.  
5
)(lim
x
xf  
 Figure 73. Post-test Question IV 
 Question IV (Figure 73) in the test includes a curve of a function f for which 
students are asked to find its limit at several values. It is divided into four parts and 
addresses the concept of limits. To answer this question, students should read the graph 
and interpret the graphical clues.  
 The first part, number 22, requires students to read the graph to find the limit of 
the function at a point not in the domain. The limit is infinite. The second part, number 
23, requires students to read the graph to find the limit of the function at minus infinity. 
The limit is a real number. The third part, number 24, requires students to read the graph 
to find the limit of the function at a point in the domain. The limit is a real number. The 
fourth part, number 25, requires students to read the graph to find the limit of the function 
at a point not in the domain. The limit is a real number. 
4.5.2.2 Students’ Work Analysis Post-test 
 This section includes the analysis of students’ work on the post-test prepared by 
the researcher. This test is analyzed based on the difficulties set earlier. Each major 
difficulty is discussed and examples from both GS and LS student’ work are given. 
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 (D1) The limit process cannot be performed by simple arithmetic or algebra 
 Students are not easily persuaded that simple arithmetic and algebra (d1) are not 
enough in order to find limits. Although they are part of the process, finding limits 
requires more. The first idea that comes to mind is the use of the “=” sign which has 
different meanings related to its usage in arithmetic/algebra compared to its usage in 
limits (d4). Another aspect is related to checking limits for indeterminate form and how 
to get rid of them (d6) before even starting to find the limit. Moreover, some cases 
require students to calculate limits to the left and right of the point in order to insure their 
existence (d5). Others require dealing with the concept of infinity (d3) which creates 
confusion on the students’ part.  
 Question III number 20 requires students to find the limit of a function at a point 
not belonging to the domain of the function. Figure 74 shows the only case of wrong 
answer in the GS track.  Student was confused between finding the limit at a point versus 
the limit at infinity (d1, d3, d6), hence got a wrong answer. The student’s error shows that 
he/she did not fully understand the concept of limit and its relation with the concept of 
infinity (d3) and indeterminate form (d6), hence wrongly applied highest power method 
and what he/she learned before in algebra (d1) to solve the problem.  
 
Figure 74. Limit of Function at Point not belonging to Domain - GS 
 Figure 75 shows three cases where students (LS) were confused between finding 
the limit at a point versus the limit at infinity (d1, d3, d6), hence got a wrong answer. The 
first two students’ errors show that they did not fully understand the concept of limit and 
161 
 
its relation with the concept of infinity (d3) and indeterminate form (d6), hence wrongly 
applied highest power method and what he learned before in algebra (d1) to solve the 
problem. As for the third student’s error, it shows that he/she had the same problem 
related to d3 where he/she substituted t with infinity instead of the given value. He/she 
did not check for indeterminate form (d6) before using factorization and substituting (d1) 
to solve the problem. 
 
 
 
 Figure 75. Limit of Function at Point not belonging to Domain - LS 
 Question III number 21 requires students to find the limit of a function at a point 
not belonging to the domain of the function. Figure 76 shows some students (GS) who 
found the correct limit but without checking for indeterminate form first (d6) and also 
without checking both sides of the function at that point to ensure the existence of the 
limit (d5).  
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 Figure 76. Indeterminate Form, Existence of Limits - GS 
  
 Figure 77. Indeterminate Form, Existence of Limits - LS 
 Figure 77 shows a case where a student (LS) did not check for indeterminate form 
first (d6) and also without checking both sides of the function at that point (d5). Such an 
error resulted in a wrong answer that the limit does not exist. 
 Question II number 11 requires students to find the limit of a rational function at 
infinity. Only one student answered wrong for this question in the GS track. Figure 78 
shows that this student could not recognize an indeterminate in order to eliminate it (d6), 
hence considered that the limit does not exist.  
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 Figure 78. Limit of a Rational Function at Infinity - GS 
 Figure 79 shows the only case where a student got the wrong answer in the LS 
track. He/she could recognize an indeterminate form but did not know how to eliminate it 
(d6), hence considered that the limit does not exist.  
 
 Figure 79.  Limit of a Rational Function at Infinity - LS 
 Question III number 19 requires students to find the limit of an oscillating 
function at infinity. Figure 80 shows some cases (GS) of such a wrong answer. Students 
did not fully understand the concept of limit and its relation with the concept of infinity 
(d3). Students found the value of the function at infinity instead of finding its limit (d1) 
and got a finite answer for that instead of a non-existent one.  
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Figure 80. Limit of an Oscillating Function at Infinity - GS 
 Figure 81 shows some cases of students (LS) who got a finite answer for the limit 
of an oscillating   function instead of a non-existent one. Students did not fully 
understand the concept of limit and its relation with the concept of infinity (d3). First 
student calculated the value of the function at infinity instead of finding its limit (d1) 
whereas the second student recognized that the function is an oscillating function and 
used its range as a way to find the answer resulting in a wrong one (d1). The third and 
fourth students only got a finite answer (d1, d3). 
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Figure 81. Limit of an Oscillating Function at Infinity - LS 
(D2) The notion of the infinitely large and infinitely small 
 Students face many problems when dealing with the notion of infinity due to its 
nature. Understanding the notion of the infinitely large (d3, d5) and in finitely small (d2, 
d4) is an essential building block in understanding the limit concept specially the 
asymptote part. The existence and understanding of asymptote depends to a great extent 
on students’ understanding of what happens at infinity (d6).  
 Question I number two requires students to find out if the curve of a rational 
function may cross its vertical asymptote. Figure 82 shows a student (GS) who sketched a 
graph of a function and a wrong vertical asymptote without recognizing that in order to 
have a vertical asymptote a function should tend to infinity when x tends to a finite 
number (d3, d5, d6).  
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Figure 82. Rational Function, Vertical Asymptote - GS 
 Figure 83 shows the only case where a student got the wrong answer in LS track. 
He/she gave an example of a rational function and found its vertical asymptote, but did 
not discuss the possibility of it crossing the curve. While finding the vertical asymptote 
the student chose the wrong value of x to check for that asymptote. This relates directly 
to the student’s understanding of what happens at infinity (d6) as well as infinitely small 
(d2, d4) and large numbers (d3, d5).  
 
Figure 83. Rational Function, Vertical Asymptote - LS 
 Question I number three requires students to find out if the curve of a function 
may cross its horizontal asymptote. Some students (GS) considered that a function cannot 
cross its horizontal asymptote which is wrong since a function may have a horizontal 
asymptote and an x intercept at the same time. Figure 84 shows two cases where students 
(GS) had this misconception. This relates directly to the student’s understanding of what 
happens at infinity (d6) as well as infinitely small (d2, d4) and large numbers (d3, d5).  
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 Figure 84. Function, Horizontal Asymptote - GS  
 As for the LS track, only one student considered that a function cannot cross its 
horizontal. Figure 85 shows that case where a student considered that the limit as x tends 
to infinity is the horizontal asymptote, and a curve cannot cross that asymptote. This 
relates directly to the student’s understanding of what happens at infinity (d6) as well as 
infinitely small (d2, d4) and large numbers (d3, d5).  
 
 Figure 85. Function, Horizontal Asymptote - LS  
 Moreover, question II number 16 requires students to relate a given asymptote to 
the correct function. Figure 86 shows a student (GS) who found the limit of the functions 
at a finite number x = 1 instead of infinity (d6) not recognizing that the equation of the 
given line y = 1 is that of a horizontal one hence resulting in a wrong answer (d3, d5).  
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 Figure 86. Relating Wrong Asymptote to Function - GS 
 Figure 87 shows three cases where students (LS) chose an answer based on 
finding the limit of the functions at a finite number x = 1 instead of infinity (d6) not 
recognizing that the equation of the given line y = 1 is that of a horizontal one hence 
resulting in a wrong answer (d3, d5).  
 
 
 
 Figure 87. Relating Wrong Asymptote to Function - LS 
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 Figure 88 shows two cases where students (GS) tried to sketch the graphs of the 
function sin x in order to find the correct answer graphically. They could not recognize 
that sin x is an oscillating function and its limit does not exist when x tends to infinity, 
hence it does not have horizontal asymptote. This type of error shows that students had 
problems while figuring out what happens at infinity (d3, d5, d6) when related to this 
type of function.  
 
 
 Figure 88. Recognizing what Happens at Infinity - GS 
 Figure 89 shows two cases where students (LS) considered that sin x has a 
horizontal asymptote but did not know that the limit of oscillating functions do not exist. 
Both students did not fully understand the concept of limit and what happens at infinity 
(d6). They both considered that sin x has two asymptotes based on its range.  
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 Figure 89.  Recognizing what Happens at Infinity - LS 
(D3)The metaphysical aspect of the notion of limit 
 Students understand mathematics as rigorous, clear, and accurate. When the limit 
concept is introduced students start to feel that limit is not really mathematics (d1). It is 
not rigorous (d2) and very abstract (d3). Limit sometimes does not exist and other times 
is not an exact value but rather some value very close to a certain number but never 
reaching it (d4). Such reasons create a difficulty for students when learning the concept 
of limit.  
  Question I number four requires students to check the existence of the limit of a 
function at a point where the function is undefined.  Only two students (GS) answered 
this question wrong, one with justification and the other without. Figure 90 shows the 
case with justification. It reveals students’ inability to relate the existence of a limit of a 
function, which is a very abstract idea (d3), to its domain (d4). Dealing with such an issue 
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creates confusion in the students’ minds due to the non accurate nature of the existence of 
limit (d1, d2, d3).  
  
 Figure 90. Existence of a Limit - GS 
 Figure 91 shows three cases (LS) of students’ inability to relate the existence of a 
limit of a function, which is a very abstract idea (d3), to its domain (d4). Dealing with 
such an issue creates confusion in the students’ minds due the non accurate nature of the 
existence of limit (d1, d2, d3).  
 
 
 
 Figure 91. Existence of a Limit - LS 
 Question I number six requires students to apply their knowledge of an important 
property of limits in order to find the correct answer. Figure 92 shows the only student 
who answered wrong in the GS track. He/she justified that the value of the function at the 
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given point has to be also equal to the limit, hence could not differentiate between the 
limit of a function at a point and its value at that point (d1, d2, d3, d4). 
 
Figure 92. Property of a Limit - GS 
 Figure 93 show three cases (LS) where students answered wrongly to this 
question. The first two students did not understand the statement and how it is 
represented (d1, d3). The third student could not relate a piece-wise function to the 
existence of its limit (d3, d4). 
  
 
 
Figure 93. Property of a Limit - LS 
 (D7) The failure to link geometry with numbers 
 Graphs of functions can play a major role in students’ understanding of the limit 
concept. The ability to link geometry with numbers and symbols help students better 
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visualize and understand the concept. Failure to do so creates difficulties that might 
hinder students’ ability to understand the concept (d1, d2).  
 Question IV presents students with a graph of a piece-wise function and requires 
them to find the limit of that function at several points or infinity. No solving is required. 
Some students had problems with reading the graph and finding limits from it. In number 
22 of this question, students are asked to find the limit of the given function at a finite 
point not belonging to its domain. Figure 94 shows students (GS) who considered that the 
limit does not exist since the limits at both sides of the point are not equal, although both 
limits are equal to infinity. This shows the inability of these students to correctly read the 
graph and interpret the results correctly (d1, d2). 
 
 
 
 
Figure 94. Reading Graphs to Find Limits - GS 
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 In number 25 of this question, students are requested to read the graph to find the 
limit of the given function at a point not in its domain. Figure 95 shows four case s (LS) 
where students considered that the limit does not exist instead of a finite number (= 3). 
First student considered that the limits at the sides of the given point are not equal, hence 
the limit doesn’t exist (d1, d2). The other three students considered that the limit does not 
exist since the function is not defined at x = 5 (d1, d2). 
 
 
 
 
Figure 95. Reading Graphs to Find Limits - LS 
(D9) Function 
  Understanding functions and their properties is a crucial step in understanding 
their limits. Any misconception in the concept of a function creates a major difficulty for 
students in dealing with their limits. Different types of misconceptions are related to 
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functions. Differentiating the different types of functions is one of them. Some students 
had problems recognizing different types of functions and their properties (d1, d2, d3) .  
 Question I number one requires students to deal with a polynomial function. 
Figure 96 shows several cases of such a misconception in GS track. The first three cases 
show three students who could not recognize that a polynomial function is always 
continuous over its domain (d1). The other two students gave an example of a rational 
function instead (d1). These mistakes caused student to have a wrong answer related to 
the limit of a polynomial function. 
 
 
 
  
 
Figure 96. Polynomial Functions - GS 
 Figure 97 shows three cases of such a misconception in LS track. The first two 
cases show two students who could not recognize that a polynomial function is always 
continuous over its domain (d1). The third student gave an example of a rational function 
instead (d1). These mistakes caused student to have a wrong answer related to the limit of 
a polynomial function. 
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Figure 97. Polynomial Functions - LS 
  Another type of misconception of function is related to the domain, range and 
the continuity of the function over a given domain.  
 Question II number nine requires students to find the range of a given rational 
function based on its given domain that includes an absolute value. Figure 98 shows two 
cases (GS) of such a misconception. The first student used a wrong table of variation to 
find the range (d1). Although his/her domain was correct, he/she could not relate the 
correct domain to the sign of the function (d1, d2, d3). The second student found the 
correct domain but got a wrong range (d1, d2, d3).  
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Figure 98. Domain and Range of a Function with Absolute Value - GS 
 Figure 99 shows four cases of students who got the wrong range in the LS track. 
First student used a wrong table of variation to find the range (d1). His/her choice of the 
answer shows that this student did not notice that this function is always negative over its 
domain (d1, d2, d3). The second and third students could not find the correct domain in 
order to find the correct range (d1, d2, d3). The third student found the correct domain 
but could not find the correct range (d1, d2, d3). 
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Figure 99. Domain and Range of a Function with Absolute Value - LS 
 Question II number 10 requires students to find the domain of a function that has 
a square root in its numerator. Figure 100 shows a case of a student (LS) who did not 
consider that the square root plays a role in finding the domain of the function and should 
always be greater or equal to 0. This student only considered the denominator to be 
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different from 0, hence got the wrong answer (d1, d2, d3). His/her choice of the answer 
shows that this student did not notice that this function is always negative over its domain 
(d1, d2, d3).  
 
Figure 100. Domain of a Function with Square Root - LS 
 Question II number 12 requires students to deal with a function which is 
continuous over a closed interval. Figure 101 shows three cases where students got the 
wrong answer in the GS track. First two students tried to sketch a graph to solve the 
question. Their answers reveal that he/she has problems with the domain, range and 
continuity of a function (d1, d2, d3). The third considered only one choice to be true. This 
reveals that he/she has problems in understanding the domain, range and continuity of a 
function (d1, d2, d3). 
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Figure 101. Continuity of a Function, Closed Interval - GS 
 Figure 102 shows three cases where students got the wrong answer in the LS 
track. The first student’s answer reveals that he/she has problems with the domain, range 
and continuity of a function (d1, d2, d3).  The second student’s answer (choice related to 
limits) is directly related to his/her understanding of the relation between the continuity 
of a function and its limit (d1, d2, d3). As for the third student, he had the opposite 
problem that student two faced. He could detect that the final answer, is necessarily true, 
but considered all the rest as not necessarily true. This shows that the student has 
problems in dealing with the concept of function (d1, d2, d3).  
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Figure 102. Continuity of a Function, Closed Interval - LS 
 Question II number 13 presents a continuous function which is defined for all real 
numbers. Its minimum and maximum are given and students are required to find the 
minimum and maximum of a related function.  Figure 103 represents two cases (GS) 
where students could not relate the original function to the other ones and hence got a 
wrong answer (d1, d2, d3). In all three cases the students’ answers (I & II) show that they 
do not know that a function may have different values at –x and +x, so f(-x) may not be 
equal to f(x), hence f(│x│) may not be equal f(x) when x is negative (1,2 , 3).  
182 
 
 
 
Figure 103. Continuity of a Function, Minimum and Maximum - GS 
 Figure 104 shows three cases where students (LS) could not relate the original 
function to the other ones and hence got a wrong answer (d1, d2, d3). In all three cases 
the students’ answers (I & II) show that they do not know that a function may have 
different values at –x and +x, so f(-x) may not be equal to f(x), hence f(│x│) may not be 
equal f(x) when x is negative (1,2 , 3).  
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Figure 104. Continuity of a Function, Minimum and Maximum - LS 
 A third type of misconception of function is related to its symmetry.  
 Question II part 15 requires students to test the symmetry of a function with 
respect to: y-axis, x-axis, origin. Understanding of the concept of functions and its 
position with respect to the: y-axis, x-axis, and origin is essential in solving such a 
question (d1). Students should test all three symmetries in order to get the correct answer. 
Figure 105 shows three cases (GS) of students who only tested for the symmetry with 
respect to the y-axis instead of testing all three types hence resulting in a wrong answer 
(d1). 
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Figure 105. Symmetry of a Function - GS 
 Figure 106 shows two cases (LS) of students who had a problem with the 
symmetry of functions. The first student only tested for the symmetry with respect to the 
y-axis instead of testing all three types hence resulting in a wrong answer (d1), while the 
second tested wrong for the origin and did not test for the symmetry with respect to the x-
axis (d1). 
  
 
Figure 106. Symmetry of a Function - LS 
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   A fourth type of misconception of function is finding its value at a given point or 
points.  
 Question II number seven requires students to find the value of a function of a 
function. One student (Figure 107) did not answer this question correctly in the LS track. 
He/she did not recognize that if a function is equal to the same finite number at all values 
of it domain (g(x) = 5) then the value of g(f(x)) will be 5 as well (d1, d2, d3) 
 
Figure 107. Value of a Function - LS 
 Question II number eight requires students to evaluate a function at different 
points and compare the results in order to define the function. Figure 108 shows the only 
case where a student in the GS track got a wrong answer without explaining his/her 
choice (d1).  
  
Figure 108. Defining a Function - GS 
 Two students got the answer wrong in the LS track. Figure 109 shows two cases 
(LS) where students knew exactly what to do but wrongly evaluated the functions hence 
got a wrong answer (d1).  
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Figure 109. Defining a Function - LS 
(D10) Previous knowledge of topics related to the concept of “limit of a function” 
 Mathematics is a field of study where all concepts are connected and the concept 
of limit is not an exception. In order for students to be able to understand this concept and 
solve problems related to it, some previous knowledge of topics must be mastered. Some 
of these topics are: solving equations and inequalities (d3), dealing with variables (d4), 
absolute values (d8), and equation of a straight line (d10). Any gap in mastering these 
concepts can create a major problem in understanding the limit concept.  
 Question II number nine requires students to find the range of a given rational 
function based on its given domain that includes an absolute value. Some students had 
problems with solving the inequality (d3, d8).  Figure 110 shows two cases (GS) where 
students changed the sign of a function when getting its reciprocal (the original function) 
hence resulting in a wrong range (d3, d8). 
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Figure 110. Solving Inequalities, Square Roots Number 9 - GS 
 Figure 111 shows two cases (LS) where students could not solve the inequality 
given in order to find the domain and then find the range based on it (d3, d8).   
 
 
Figure 111. Solving Inequalities, Square Roots Number 9 - LS 
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 Question II number 10 requires students to find the domain of a function that 
include a square root in its numerator. Figure 112 shows three  cases (LS) where the 
students knew that they need the square root to be greater than or equal to zero  but 
solved the inequality wrongly hence resulting in a wrong domain (d3, d6). 
 
 
 
Figure 112. Solving Inequalities, Square Roots Number 10 - LS 
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  Question II number 16 requires students to relate a given asymptote to the correct 
function. Figure 113 shows three cases (GS) where students found the limit of the 
function at a finite number x = 1 instead of infinity not recognizing that the equation of 
the given line y = 1 is that of a horizontal one, hence resulting in a wrong answer (d10).  
 
 
 Figure 113. Equation of an Asymptote - GS  
 Figure 114 shows two cases (LS) where students found the limit of the function at 
a finite number x = 1 instead of infinity not recognizing that the equation of the given line 
y = 1 is that of a horizontal one (although first student sketched it correctly) hence 
resulting in a wrong answer (d10).  
190 
 
 
 
Figure 114. Equation of an Asymptote - LS 
 In conclusion, the analysis of the post test shows that the difficulties that students 
in both tracks, GS and LS, face while learning the concept of limit are mainly related to 
the following in the order that the most important comes first:   
 (D1) The limit process cannot be performed by simple arithmetic or algebra 
 (D2) The notion of the infinitely large and infinitely small 
 (D9) Function 
 (D10) Previous knowledge of topics related to the concept of “limit of a function” 
 (D3)The metaphysical aspect of the notion of limit 
 (D7) The failure to link geometry with numbers 
4.5.2 Questionnaire Analysis 
The questionnaire consists of three questions designed to get from the students the 
most of their perceptions about limits, the way they understand them, the way they 
express their ideas about them, as well as their perceptions of the difficulties associated to 
the concept of limit. The first question requires the students to choose, among six 
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statements, the three statements that best describe their understanding of limits, in the 
order of priority and preference. The second and third questions are subjective questions 
where students are asked to, respectively, describe in few sentences their understanding 
of a limit and the difficulties they faced while learning the concept. 
The questionnaire was administered one year from instruction, in order to leave 
maturation time and a period during which the concept has been used as a tool to develop 
other concepts (such as derivative), and as a tool for solving different related problems. 
At the time of administrating the questionnaire, the participating students were in grade 
12, together with other students who joined from a different section.  
According to the Lebanese educational ladder, there are four tracks at grade 12, 
two of which are of scientific orientation, General Sciences and Life Science. Usually 
students of grade 11 Sciences track go into one of those two tracks when they are 
promoted to grade 12. The questionnaire was administered in both sections, the General 
Sciences section (16 students) and the Life Science section (20 students). The analysis 
will be global, over the answers of the 36 students, but will also attempt to sense any 
differences. 
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4.5.2.1 Question 1: Conception of limit 
1. Which of the following statements best describes a limit as you understand it? 
Choose the three statements that best describe it and rate them from 1 to 3 in the order of 
preference. 
1.   A limit describes how a function moves as x moves toward a certain point. 
2. A limit is a number or point past which a function cannot go. 
3. A limit is a number that the y-values of a function can be made arbitrarily 
close to by assigning specific numbers to the x-values. 
4. A limit is a number or point the function gets close to but never reaches. 
5. A limit is an approximation that can be made as accurate as you wish. 
6. A limit is determined by plugging in numbers closer and closer to a given 
number until the limit is reached 
Students’ answers to this question are in the form of three numbers (1, 2 and 3) 
assigned to three statements selected by each student among the six given statements. 1 
being the highest preference, and 3 the lowest.  
To analyze these data, two tables (Table 6 and Table 7) are used to map students’ 
answers. The statements are coded from 1 to 6 (horizontal headings), and students are 
coded as ST1 to ST16 for the General Sciences section and as ST1 to ST20 for the Life 
Science section (vertical headings). Table cells are filled with the level of preference 
assigned by the corresponding student to the corresponding statement. 
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The “COUNT” row presents the number of students who selected each 
corresponding statement, irrespective of preference level. For example, Table 7 for the 
Life Science section shows that 15 students selected Statement 1 and 10 selected 
Statement 4, at different levels of preference. 
The “Not selected by” row presents the number of students who did not select the 
corresponding statement at all, at any preference level. For example, Table 7 for the Life 
Science section shows that Statement 2 was not a choice at all for 16 out of the 20 
students. 
The next three rows present, respectively, the numbers of students who selected 
the corresponding statement at the corresponding level of preference. For example, Table 
7 for the Life Sciences section shows that, among the 15 students who selected Statement 
1,  11 assigned to it the first preference level, four assigned to it the second preference 
level, and none assigned to it the third preference level. 
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Table 6: General Sciences Students’ choices of statements 1 to 6, weighted by   
 the three levels of preference (3 for first choice, 2 for second choice   
 and 1 for third choice) 
General Sciences 
 
1 2 3 4 5 6 
ST1 1 
   
3 2 
ST2 1 
 
2 
   
ST3 2 
 
1 
  
3 
ST4 1 
  
3 
 
2 
ST5 1 
 
2 
 
3 
 
ST6 2 
  
1 
 
3 
ST7 
   
1 2 3 
ST8 1 
  
2 
 
3 
ST9 
  
1 
 
2 3 
ST10 1 
 
2 3 
  
ST11 3 
 
1 
  
2 
ST12 1 2 
 
3 
  
ST13 
 
3 1 2 
  
ST14 1 
 
2 
  
3 
ST15 1 
    
2 
ST16 2 
  
3 
 
1 
COUNT 13 2 8 8 4 11 
Not selected by 3 14 8 8 12 5 
1st Preference 9 0 4 2 0 1 
2nd Preference 3 1 4 2 2 4 
3rd Preference 1 1 0 4 2 6 
Index of 
preference 
2.13 (1) 0.19 (6) 1.25 (2) 0.87 (4) 0.37 (5) 1.06 (3) 
ST = Student;  
34 = 9x 3 + 3 x 2 + 1 x 1 
2.125 = 34 / 16
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Table 7: Life Science Students’ choices of statements 1 to 6, weighted by the   
 three levels of preference (3 for first choice, 2 for second choice and 1   
 for third choice) 
Life Science 
 
1 2 3 4 5 6 
ST1 2 
 
1 
  
3 
ST2 
 
3 2 1 
  
ST3 1 2 
   
3 
ST4 1 
 
2 
 
3 
 
ST5 
   
1 2 
 
ST6 2 
  
3 
 
1 
ST7 1 
   
3 2 
ST8 
   
1 2 3 
ST9 2 3 
 
1 
  
ST10 1 
 
3 2 
  
ST11 
 
1 
 
2 
 
3 
ST12 1 
   
3 2 
ST13 1 
 
3 
  
2 
ST14 2 
  
1 3 
 
ST15 1 
   
2 3 
ST16 
  
3 1 
 
2 
ST17 1 
 
3 
  
2 
ST18 1 
   
2 3 
ST19 1 
 
3 2 
  
ST20 1 
 
3 
  
2 
COUNT 15 4 9 10 8 13 
Not selected by 5 16 11 10 8 7 
1st Preference 11 1 1 6 0 1 
2nd Preference 4 1 2 3 4 6 
3rd Preference 0 2 6 1 4 6 
Index of 
preference 
2.05 (1) 0.35 (6) 0.65 (4) 1.25 (2) 0.6 (5) 1.05 (3) 
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To make sense of those numbers, the levels of preference are weighted: 3 for the 
first preference, 2 for the second and 1 for the third. A value that is named “Index of 
preference” is calculated for each statement to express the extent to which it is adopted as 
a conception by the groups of students, on a scale from 0 to 3. The index of preference is 
calculated, in each cell corresponding to a statement, as follows:  
Index of preference = the sum of three terms averaged by the number of students 
The three terms are: 
  Number at 1st Preference x 3  
  Number at 2nd Preference x 2  
  Number at 1st Preference x 1  
For example, Table 7 for the Life Sciences section shows that the index of 
preference of Statement 1 is 2.05, calculated as follows: 
((11 x 3) + (4 x 2) + (0 x 3)) / 20 
The index of preference allows ranking the six different statements in the order of 
adoption by the students. In Table 6 and Table 7, last row, the ranking is included 
between parentheses just after the index of preference of each statement. 
In order to get a more global view of the results, for the whole sample in the two 
sections together, Table 8 is constructed by combining (adding) one-to-one the numbers 
in the cells of the rows “Count”, “Not selected by”, “1st Preference”, “2ndPreferenc e”, 
and “3rd Preference” from the two tables Table 6 and Table 7 then the index of preference 
is calculated using the formula, on the basis of average by 36 students. 
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Table 8: Both-Sections Global Students’ choices of statements 1 to 6, weighted   
 by the three levels of preference (3 for first choice, 2 for second choice   
 and 1 for third choice) 
Statement 1 2 3 4 5 6 
COUNT 28 6 17 18 12 24 
Not selected 
by 
8 30 19 18 20 12 
1st 
Preference 
20 1 5 8 0 2 
2nd 
Preference 
7 2 6 5 6 10 
3rd 
Preference 
1 3 6 5 6 12 
Index of 
preference 
2.08 (1) 0.28 (6) 0.92 (4) 1.08 (2) 0.50 (5) 1.056 (3) 
 
According to the analysis method explained above, we can conclude the 
following:  
Statement 1 is the most globally adopted by students, globally, but also in each of 
the two sections, with an index of 2.13 on a 3-point scale in the GS section, 2.05 in the 
LS section, and 2.08 in both sections together. Therefore, a dominating conception of 
limit among the participants is that “A limit describes how a function moves as x moves 
toward a certain point”. This is a dynamic conception, where both the fuction and the 
variable move together, each on its track, and each “toward a point”. This conception 
overlooks infinity as a possible limit for either, or both of the variable and function. 
The second-preferred statement is not the same in the two sections. General 
Science’s students adopt Statement 3 with an index of preference of 1.25 on a 3-point 
scale, while Life Science students adopt Statement 4 with the same index of preference of 
1.25 on a 3-point scale. So next to the first adopted conception, General Sciences students 
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think that “A limit is a number that the y-values of a function can be made arbitrarily 
close to by assigning specific numbers to the x-values”, while Life Science students think 
that “A limit is a number or point the function gets close to but never reaches”. This latter 
conception is, however, a bit stronger among the whole group of participants, with an 
index of preference of 1.08 on a 3-point scale. 
The third-preferred statement, Statement 6, is the same for all groups, the General 
Sciences group, the Life Science group and the whole group. Therefore, the conception 
that “A limit is determined by plugging in numbers closer and closer to a given number 
until the limit is reached” is, at a moderate level, adopted by the participating students. 
Statement 5 is the one that got an index of preference second to the least, with an 
index of 0.5 on a 3-point scale, for the global group of students. This statement is: “A 
limit is an approximation that can be made as accurate as you wish”.  
The statement that got the least index of preference, with a considerable 
difference between it and the immediately higher one, is Statement 2, with a global index 
of 0.28 on a 3-point scale. This statement is also the least preferred by the two groups, GS 
and Ls, with respectively 0.19 and 0.35 indices of preference. Therefore, the conception 
least adopted by the participated students is that “A limit is a number or point past which 
a function cannot go”. 
4.5.2.2 Question 2: Conception of limit 
2. Please describe in a few sentences what you understand a limit to be. That is, describe 
what it means to say that the limit of a function f as ax is some number L. 
 This question aims, too, at exploring students’ perceptions of the notion of limit. 
While the first question provides students with a limited choice of pre-determined 
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statements, the present question leaves it open for them to freely express their ideas. 
Because of the fact that the question focuses on finite cases, whether for the variable or 
the function (describe what it means to say that the limit of a function f as x  a is some 
number L), the notion of infinity is not addressed in students’ answers. Yet valuable 
insights can be obtained about students’ understanding of cases with finite limits. The 
data collected are rich in the way they reflect both, students’ perceptions / 
misconceptions, and many of the difficulties identified in the framework. 
On the other hand, clear differences are noticed between the General Sciences (GS) and 
the Life Science(LS) students’ answers, which reflects a differentiating effect of the 
teaching approach. Therefore the following analysis will address them separately. 
General Sciences Students’ Answers 
 GS students’ understanding of limit appears to be structured and almost uniform. 
Most of the answers express a kind of “parallelism”, reflecting what can be named a 
“symmetrical duality” in the behaviors of the variable and the function. As one “moves”, 
the other “moves”, and as one “gets close” to a value, the other “gets close” to a value. 
Fourteen out of the 16 GS students used such a type of duality, while using different 
verbs, such as “moves” (M), “tends to” (T), “approaches” (A), “reaches” (R), “gets 
closer” (Cl), “comes” (Co) , “becomes” (B). The letters between parentheses are codes 
that we are assigning to these verbs, in order to show how imposing is this duality 
Following are examples of students’ answers: 
 As x tends to a number a, y tends to a number L (TT) 
 As x moves towards a, f moves towards L (MM) 
 As the x reaches the number a the function reaches the number L (RR) 
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 lim
𝑥→𝑎
𝑓(𝑥) = 𝐿.  As x tends to a, f(x) comes to L (TC) 
 The different verbs used reflect also different conceptions of functions and of 
limits. For example, the verbs “moves toward”, “approaches”, “get closer to”, “tend to” 
provide a dynamic nature to the variable and the function, as the locus of a point, for 
example. It also reflects the idea that x and / or f(x) may not get equal to the values they 
are tending to. Such a conception is different from the one reflected by verbs such as 
“reaches”, “becomes”, “is” (I), which reflect a more static conception, while at the same 
time expressing the fact that the variable and/or function may be equal to the values they 
are tending to. 
Among the 16 GS students,  
four used T-T,  
two used M-M,  
two used Cl-Cl,  
one used R-R,  
one used A-A,  
one used T-B,  
two used T-I,  
and one used T-Co. 
It is worth noting that one of the answers included an extra sentence highlighting the fact 
that the limit does not reach the value L and using the idea of the infinitely small: 
 F(x) tends to L as x is a, but isn’t L like 0.000001 but not 0 
Besides the “symmetrical duality” model answers, only three students’ statements can be 
identified as different from this pattern:  
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 L is the number that corresponds to the limit of the function as it gets closer the 
number a 
 F(x) = L 
 lim
𝑥→𝑎
𝑓(𝑥) = 𝐿 ⟹as f reach x=0 the function reaches the pt y=L and the fct may 
not be defined on f(a) 
 The first one is still within the duality model, with “less symmetry”, using 
“corresponds to the limit” and avoiding the specification about whether the limit is 
reached or not. 
 The second one just equates F(x) to L 
 The third one reflects confusion, fixation around 0, confusion between “value” 
and “pt”. It also highlights the idea that “the fct may not be defined on f(a)” 
Life Science Students’ Answers 
 Duality between variable and function’s behavior 
 Although some (ten out of 20) of the LS students’ answers show the duality found 
in GS students’ answers, it is clear that they don’t abide by the same level of structure 
and symmetry. Following are the answers in which the duality of behavior of the variable 
and function can be detected, along with the corresponding couples of verbs used. 
 lim
𝑥→𝑎
𝑓(𝑥) = 𝐿.  as curve approaches x = a, Cf will go towards L  (A-go towards) 
 x tends to a nb “a”, thus, y approaches the number L, but might 
never reach it 
 
(T-A) 
 When x tends to a number (which is a here) the function f(x) 
tends to reach  L 
 
(T-T) 
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 A limit is, when x is getting closer to “a” where does f(x) get 
close to?  
 
(Cl-Cl) 
 The value that the f(x) approaches as x gets infinitesmaly [sic] 
close to a is L  
 
(Cl-A) 
 As x tends to a f(x) will move as L moves  (T-M) 
 As the function f approaches x = a, the ordinate approaches L  
i.e; the function curve approaches y = L 
 
(A-A) 
 As x becomes closer to a, f (x) becomes closer to L regardless if L 
is reached or not, if f(a) = L or not. f(a) could not be defined  
 
(Cl-Cl) 
 As the curve of a function moves across a plane closer and closer 
to x = a, it also moves closer to the number L, (it may or may not 
pass through the point (a,L) depending on the domain of f itself)  
 
 
(MCl-MCl) 
 Closest value of y at a certain value x  (Cl-at) 
A = approaches; Cl = closer; M = moves; T = tends 
 Aside from the two sides of the duality – variable and function, many of those 
answers include other elements, such as interjected clauses, as in: 
 When x tends to a number (which is a here) the function f(x) tends to reach L 
Or explanative additions, as in: 
 As the function f approaches x = a, the ordinate approaches L, i.e; the function 
curve approaches y = L 
 Confusion  
 LS students’ statements include more instances of graphical connections than GS 
students’, whose statements are more formal and symbolic. However, many of students’ 
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answers include erroneous use of the mathematical language that  reflects serious 
confusions and misconceptions, mostly related to their knowledge of functions, the 
relationships between functions and their graphs, the concepts of variable and function, 
etc. Following is a list of examples, where the parts reflecting confusions are underlined. 
Note, for example, terms such as “differentiable pt”, “function gets close to x = a”, “f(x) 
will move as L moves” 
 lim
𝑥→𝑎
𝑓(𝑥) = 𝐿.  as curve approaches x = a, Cf will go towards L 
 A Limit helps us determine where a function moves to or ends at a differentiable 
pt 
 As the function tends to a, y = L        f(a) = L 
 As the function gets close to x = a it reaches its limit and that y is approximately 
equal to L and very close to it 
 The graph tends to be close to x = a, it can be x ⇾ a- or x ⇾ a+, giving same limit 
= L 
 As x tends to a f(x) will move as L moves 
 As the function f approaches x = a, the ordinate approaches L 
i.e; the function curve approaches y = L 
 The y or ordinate of the number (a) will be obtained by calc. the limit of it as a 
tends towards it. It might be a number or ∞ 
 As the curve of a function moves across a plane closer and closer to x = a, it also 
moves closer to the number L, (it may or may not pass through the point (a,L) 
depending on the domain of f itself) 
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 Meaning of limit 
 A thorough language analysis of LS students’ answers reflects various alternative 
meanings attributed to the concept of limit. Following are some examples. 
 As the function gets close to x = a it reaches its limit and that y is approximately 
equal to L and very close to it 
 As x moves towards a certain value (a) the function reaches its limit; i.e. reaches a 
certain point 
 A Limit helps us determine where a function moves to or ends at a differentiable 
pt 
 The limit is the number that the function cannot reach, due to the function being 
undefined at this point. L represents the number that the function would have 
reached if it is defined at a (Figure 115) 
 
 Figure 115. Number Function Cannot Reach 1 
 The above examples show that one of the alternative meanings, for example, is 
that the function “reaches its limit” (first two examples), that is the limit is a value at 
which the function “ends” (third example). On the other hand, the fourth example defines 
the limit as the “number that the function cannot reach” because the function is not 
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defined at that point. Finally, the fifth example presents the limit in a more procedural 
way, as a way for finding an approximate value of the function when we cannot calculate 
the exact value. 
 Is the limit reached? 
 The dilemma about whether a limit is reached or not, or even about whether a 
limit can be reached or not, is clear in students’ answers.  
 Limit is the value of the function at the specific point 
Some of students’ statements consider that limit is the value of the function at the point, 
as in “f(x) = L”, in the fact that “the function ends at the pt” , and in “the function reaches 
its limit” 
 f(a) = L 
 As the function tends to a, y = L        f(a) = L 
 A Limit helps us determine where a function moves to or ends at a differentiable 
pt 
 As x moves towards a certain value (a) the function reaches its limit; i.e. reaches a 
certain point 
 Limit is not necessarily reached or is only reached approximately 
 Some statements, on the other hand, explicitly emphasize the fact that the limit 
either cannot be reached, or may not be reached 
 As the function gets close to x = a it reaches its limit and that y is approximately 
equal to L and very close to it 
 x tends to a nb “a”, thus, y approaches the number L, but might never reach it 
 Closest value of y at a certain value x 
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 When x tends to a number (which is a here) the function f(x) tends to reach  L 
 The limit is the number that the function cannot reach, due to the function being 
undefined at this point. L represents the number that the function would have 
reached if it is defined at a (Figure 116) 
 
 Figure 116. Number Function cannot Reach 2 
 As x becomes closer to a, f (x) becomes closer to L regardless if L is reached or 
not, if f(a) = L or not. f(a) could not be defined 
 Procedural 
 Some of the students’ answers reflect a procedural concern, and, either present the 
limit as a way for calculating the value of the function in certain conditions, or just recite 
rules to use in solving, as in: 
 lim
𝑥→𝑎
𝑓(𝑥) =
𝑓(𝑥)−𝑓(𝑎)
𝑥−𝑎
= 𝐿 =slope of the tangent to the curve at x = 0 
If  lim
𝑥→𝑎
𝑓(𝑥) = ∞ ⟹x = a is a vertical asymptote 
lim
𝑥→+/−∞
𝑓(𝑥) = 𝑎 ⟹y = a is a horizontal asymptote 
 The y or ordinate of the number (a) will be obtained by calc. the limit of it as a 
tends towards it. It might be a number or ∞ 
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4.5.2.3 Question 3: Difficulties and Obstacles 
3. Please describe in a few sentences the main difficulties and obstacles you faced while 
learning the concept of limits. 
 This question aims to explore the way students perceive the difficulties that they 
have faced and/or they are facing while learning and working with limits. 
The analysis of students’ answers allowed a classification of their views of difficulties 
related to learning limits in several categories. Table 9 (snap shots of students answers 
are found in Appendix H) shows the different categories, and students’ answers that fall 
under each. In order to distinguish GS and LS students, the code of either one of the two 
sections is added to the codes of students enrolled in the corresponding section. The 
number between parentheses, associated to each category, is the number of students’ 
answers falling under this category. 
Table 9: Classification of Students’ Perceptions of their Difficulties  
Operations and 
calculations to 
find a limit (10) 
ST8GS - The properties of limits (adding, dividing, multiplying) 
- to know the difference b/w continuous differentiable 
 ST9SG Making an undetermined [sic] limit determined [sic] 
- multiplying by the conjugate in the denominator 
- simplifying 
 ST5LS - the understanding of its use at first 
- the calculation of certain limits 
 ST8LS The idea of differentiable, has limit, continuous, and 
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idea of calculating a limit whether to factorize, divide, 
or plug in numbers. 
 ST11LS The main difficulties were finding the asymptotes and 
first calculatig the limits starting from the definition. 
 ST15LS As a beginner the main concept of limits and how we 
can work out some limits. 
 ST16LS The ways and methods of how to solve a limit. 
 ST17LS At the beginning, it was something new. I had 
difficulties in understanding the purpose behind it,and 
how to solve it. 
 ST18LS The concept itself was pretty self-explainable. 
The problem was finding limits to relatively hard 
functions. 
 ST20LS I never fully understood l’Hopital’s rule. 
I know how to utilize it while solving limits but I don’t 
know why it’s there…..or I just don’t remember 
   
Indeterminate 
form (7) 
ST3GS Solving indeterminate form. 
 ST9SG Making an undetermined limit determined 
- multiplying by the conjugate in the denominator 
- simplifying 
 ST16SG The undetermined posts
∞
∞
,
0
0
 ….. 
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 ST4LS If it is an IF and I can’tfind the propermethod tomake 
the limit work. 
 ST12LS Dealing with the indeterminant and the function where 
the limit doesn’t exist due to right hand side not 
equaling left hand side. 
 ST13LS The idea of indeterminate forms 
 ST19LS I had difficulties memorizing the IF’s of limits, Also, 
trying to understand the concept of a function being 
differentiable at a point and studying it’s limit was 
tough. 
   
Differentiability 
and continuity 
(7) 
ST5GS When a function isn’t continuous at a certain point or 
when it is not defined at this point. 
 ST8SG - The properties of limits (adding, dividing, multiplying) 
- to know the difference b/w continuous differentiable 
 ST10GS Diffirentiability and continuity. 
 ST14GS Absolute value and non-differentiable functions. 
 ST7LS Differentiable and continuous. 
 ST8LS The idea of differentiable, has limit, continuous, and 
idea of calculating a limit whether to factorize, divide, 
or plug in numbers. 
 ST19LS I had difficulties memorizing the IF’s of limits, Also, 
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trying to understand the concept of a function being 
differentiable at a point and studying it’s limit was 
tough. 
   
Meaning and 
purpose of limit 
(6) 
ST2GS I found a difficulty in knowing it’s purpose or how is it 
used 
But now I know 
 ST3LS The difficulties were about the definition. 
 ST5LS - the understanding of its use at first 
- the calculation of certain limits 
 ST14LS What is limits, and why it is used. 
 ST15LS As a beginner the main concept of limits and how we 
can work out some limits. 
 ST17LS At the beginning, it was something new. I had 
difficulties in understanding the purpose behind it,and 
how to solve it. 
   
No answer (4) ST11GS  
 ST12GS  
 ST15SG  
 ST2LS  
   
Metaphysical ST6SG - A new idea. 
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aspect (4) - Can’t relate with examples. 
- No application for limits in real life 
 ST1LS - we can’t directly understand what are we working with 
- sometimes, we just calculate without thinking of what 
are we finding whether (graphically or logically) 
 ST9LS Limits is a new concept, so at first I couldn’t understand 
why we use it and its importance and how we calculate 
it. And even till now I don’t feel that I understand it 
fully.  
I remember that even when the lesson was over (last 
year) still didn’t understand the concept clearly.  
I couldn’t picture the limit in my head I couldn’t 
visualize it when we started learning it. After using 
limits in other lessons I understood limits more. 
 ST12LS Dealing with the indeterminant and the function where 
the limit doesn’t exist due to right hand side not 
equaling left hand side. 
   
Easy – no 
difficulty (3) 
ST4GS It’s to easy. 
 ST13GS Nothing everything is easy 
 ST10LS What difficulties? 
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Asymptotes 
(vertical & 
horizontal) (2) 
ST1GS Differentiating between vertical and Horizontal 
asymptotes. 
 ST11LS The main difficulties were finding the asymptotes and 
first calculating the limits starting from the definition.  
   
Previous 
knowledge (2) 
ST9SG Making an undetermined limit determined 
- multiplying by the conjugate in the denominator 
- simplifying 
 ST14SG Absolute value and non-differentiable functions. 
   
Undefined point 
(1) 
ST7GS The limit of an undefined point 
   
Infinitely small 
(1) 
ST6LS  The idea how a pt can approach another, but never reach 
it.  
   
 
 The types of difficulties most expressed by students (ten out of 36) relate to 
calculations for finding limits. This may be interpreted by the emphasis that the 
curriculum places on procedural knowledge and computational skills.  
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 The indeterminate form and the procedures for dealing with them, and the 
confusion between continuity and differentiability come next in the list of difficulties 
expressed (each expressed in seven out of 36 statements). 
 Six students expressed their confusion about the meaning of limit and its use, “the 
main concept”, “what is limits and why it is used?”, etc. 
 Four students did not answer this question, either because they could not decide 
on the types of difficulties they faced while learning the concept of limits or because they 
did not have any. 
 Four students related their difficulties to the metaphysical aspect of limits. They 
considered the concept of limit to be a new idea and that it is hard to understand its usage 
and importance. One student could not relate the concept with examples, another student 
could not visualize the concept in his/her head, a third could deal with non-existing limit, 
and the fourth calculated the limits “without thinking of what are we finding whether 
(graphically or logically)”. 
 Three students considerd that the concept was easy and that they did not face any 
difficulties. 
 Two students had problems with asymptotes, finding them and differentianing 
between horizontal and vertical ones. 
 Two students had difficulties related to previous knowledge such as: multiplying 
by the conjugate in the denominator, simplifying, and absolute values. 
 Only one student found it hard to deal with “the limit of an undifined point’.  
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Finally, only one student had difficulties with “the idea how a point can approach 
another, but never reach it” which is directly related to understanding the notion of 
infinitely small numbers. 
  In conclusion, based on the analysis of the three questions of the questionnaire, 
the following were noticed. 
 First, based on the analysis of the first question, most students (GS and LS) 
perceive the limit as a number that can never be reached overlooking the possibility of 
infinity. This reveals that students still do not fully understand the concept even after one 
whole year of dealing with the concept and using it.  
 The use of certain verbs (by both, GS and LS students) in answering the second 
question such as: “moves toward”, “approaches”, “get closer to” and “tend to” is a solid 
proof of the previous idea. Although that is true, some important difference between 
students in both tracks should be highlighted.  LS students’ statements include more 
instances of graphical connections than GS students’, whose statements are more formal 
and symbolic. Moreover, LS students’ answers are more explanatory and long compared 
to the GS students’ answers which are mostly short and straight to the point. For these 
reasons LS students’ answers for question 2 needed to be analyzed further.  
 The analysis of students’ answers in the LS track show flawed use of the 
mathematical language that reflect serious confusions and misconceptions, mostly related 
to their knowledge of functions, the relationships between functions and their graphs, the 
concepts of variable and function, etc.  
 Moreover, their answers reveal a variety of substitute meanings ascribed to the 
concept of limit some of which are: that the function “reaches its limit”, the limit is a 
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value at which the function “ends”, the limit is the “number that the function cannot 
reach” because the function is not defined at that point, and the limit is found using a 
more procedural way, as a way for finding an approximate value of the function when we 
cannot calculate the exact value. 
 In addition, concerning the notion of whether a limit is reached or not, two main 
ideas were revealed in the answers of LS students: limit is the value of the function at the 
specific point and limit is not necessarily reached or is only reached approximately. 
 Finally, some of the students’ answers, LS, reflect a procedural concern, and, 
either present the limit as a way for calculating the value of the function in certain 
conditions, or just recite rules to use in solving. 
 As for the third question of the questionnaire (question 3) which aims to explore 
the way students perceive the difficulties that they have faced and/or they are facing 
while learning and working with limits, the analysis of students’ answers reveals the 
following categories of difficulties related to learning limits: 
 Operations and calculations to find a limit (10 students) 
 Indeterminate form (7 students) 
 Differentiability and continuity (7 students) 
 Meaning and purpose of limit (6 students) 
 Metaphysical aspect (4 students) 
 Asymptotes (vertical & horizontal) (2 students) 
 Previous knowledge (2 students) 
 Undefined point (1 student) 
 Infinitely small (1 student) 
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CHAPTER FIVE 
CONCLUSIONS AND RECOMMENDATIONS 
 This chapter consists of five parts. The first part summarizes all the answers to the 
research questions acquired from the analysis of the Lebanese National Curriculum and 
the textbook chapter on limits used for grade 11 scientific track, the class observations, 
the formative tests (Test1 and Test2) prepared by the teacher, and the post-test and 
questionnaire prepared by the researcher. The second part connects the results of the 
study with the literature, while the third discusses the limitations of this study. The fourth 
part presents some recommendations for teaching and learning limit, while the fifth 
discusses some perspectives for further research. 
5.1  Discussion According to the Research Questions and Relation to 
Literature 
 This study aimed to examine how the concept of “limit of a function” is presented 
and developed in the Lebanese National Curriculum and textbooks versus its actual 
presentation and development in the classroom. The second purpose was to investigate 
the types of difficulties/obstacles that Lebanese high school students face while learning 
limits of functions. In addition, it aimed to explore how students perceive the concept of 
limit and describe their difficulties regarding this concept.  
5.1.1 Research question 1 
How is the concept of “limit of a function” presented and developed in the 
Lebanese National Curriculum and textbooks? 
217 
 
 The analysis of the curriculum and textbook reveals how the concept of 
“limit of a function” is presented and developed throughout these two documents and the 
effect that this might have on creating difficulties for students while learning the concept. 
According to Barbe, Bosch, Espinoza, and Gascon (2005), some obstacles that students 
face while learning the concept of limits emerge due to the way mathematical knowledge 
is planned to be taught in textbooks official syllabi. Two basic restrictions are associated 
with such obstacles: Didactic restrictions and restrictions related to mathematical 
knowledge and the way it is presented in official syllabi and textbooks as well as the way 
it is taught in classrooms. 
   The analysis of the curriculum in section 4.2 reveals a big gap between grades 
10 and 11 which might be the cause for several types of difficulties that students will face 
while learning the concept of limits. Grade 10 calculus content is limited to few concepts 
and skills that are not enough to create a solid basis for grade 11.  Students in grade 11 
have to learn many new concepts before being able to proceed to the concept of limits. 
This might create ambiguity and cause difficulties for students.  
 The analysis of the textbook in section 4.2 reveals several reasons for potential 
difficulties that students might face while learning the concept of limits. The descriptive 
analysis of the chapter on limits reveals several problems that might lead to difficulties. 
  The first problem is related to the activities and questions asked in the 
“preliminary activities” section of the chapter which is supposed to detect the gaps in 
students’ previous knowledge. The types of activities and questions used are limited to 
one aspect (functions) and have no discussion or explanation of the results. This 
concentration on one aspect in this section makes it hard to detect all the possible gaps in 
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students’ previous knowledge and cover them before proceeding to the new concept of 
limits. Not having a solid basis of previous knowledge will result in several difficulties 
that hinder students’ understanding of the concept of limits.   
 The second problem is related to the order of the sub-sections in the “Course” 
section of the chapter.  Some sub-sections (6-behavior of a polynomial function at 
infinity, 7- limit at infinity of a rational function, and 2-limits of a function at infinity) are 
related to each other and it would have been better to have them more connected and 
adjacent. Furthermore, sub-section 10 (operations on numerical functions) is placed at the 
end of the “Course” section, although it is a pre-requisite to the concept of limits and 
should have been at the beginning. Without mastering these operations early enough, 
students will not be able to properly develop the concept of limits. 
 The third problem is related to the development of the concept throughout the 
“Course” section of the chapter. In some sub-sections the information included is either 
not clear or too short and need further explanation and discussion. In other sub-sections 
not enough examples are given to cover all possible cases of limits. Moreover, some sub-
sections only include facts and draw conclusions out of these facts with no explanation. 
This makes it hard for students to understand these facts and might lead them to simply 
memorize the facts given. The above statements clearly show that the way the concept is 
developed throughout the “Course” section of the chapter might be a cause for creating 
some difficulties for students (D1, D2, D6, and D7). 
 The analytical analysis of the textbook shows many sources of difficulties mainly 
related to the following: the notion of the infinitely large and infinitely small (D2), the 
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metaphysical aspect of the notion of limit (D3), the dilemma whether the limit is attained 
or not (D4), and the failure to link geometry with numbers (D7).  
 The way the sub-sections in the “Course” section approach the notion of infinity 
by strictly stating facts and using procedures to solve limits including this notion, without 
even explaining the meaning of infinity or relating it to limits, is a main source of 
difficulties for students (D2, D3). Moreover, the “Course” section merely states the 
different cases of limits and without the help of examples (although they do not cover all 
cases) students are not able to see how calculations are performed in order to find limits. 
No discussion or explanation of the different examples is made. This might create some 
difficulties for students, especially when dealing with some cases that are hard to 
understand (D2, D3), such as cases that include infinity and Indeterminate Forms. 
 According to Tall (1992b), the concept of “limit of a function” generates several 
cognitive difficulties some of which are related to: The difficulty of understanding the 
concept of infinite numbers and infinitesimal concepts as well as the confusion that arises 
when passing from finite to infinite and understanding what occurs at infinity. 
 Another source of difficulty is mainly related to the dilemma of whether the limit 
is attained or not (D4). The use of some statements in the text such as “𝑓(𝑥) tends to” as 
well as the use of the “→” symbol as an alternative for “tends to” gives students an idea 
that limits cannot be reached. On the other hand the use of the “=” sign and its meaning 
in students’ minds gives a different impression that the limit is attained and has a finite 
value.  
 The same applies for the graphical representation of the different cases of limits. 
The use of arrows (Figure 7 for example) shows that the function approaches a certain 
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value but never actually reaches it (D7). This contradiction creates ambiguity in students’ 
minds, hence creating some difficulties for them to understand the concept of limits (D4, 
D7). 
 Another source of difficulty is that students are prone to over-generalize some 
case, especially when very few examples are given which do not cover all different cases 
(Using Figure 7 as the only example to introduce the concept of limits, D4, D7).  
 Another source of difficulties is mainly related to linking geometry with numbers 
or graphical representations to symbolic ones (D7). The analytical analysis of the 
textbook shows several instances where the combination of graphs and symbols might 
create difficulties for students. Tall (1992b) and Dreyfus (1991) believe that flexibly 
using various approaches such as visual, symbolic, and numeric helps students to be more 
successful in solving limit related questions. However, most teachers adopt symbolic and 
numeric approaches rather than a visual approach due to the way the concept has been 
taught over the years. Students are also reluctant to use the visual approach although the 
usage of visual representations can make solving certain problems much easier.  
 In most parts of the chapter that contain both types of representations, no 
connection is made between the graphs and the text associated with it. Students and 
teachers have to figure out these connections on their own. The same applies to 
connecting graphical and symbolic representations from different sub-sections. Being 
able to compare different cases graphically and symbolically helps students in 
understanding the concept of limits. Unfortunately, there are no connections between the 
different sub-sections, fact that might obstruct students’ understanding of the concept 
(D7).  
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Moreover, the lack of using both types of representation in the majority of the 
sub-sections (either numeric representations or graphic representations are exclusively 
used) creates a barrier for students’ ability to make connections and transfers from one 
type of representation to another (D7). These connections and transfers are essential for 
the understanding of the concept of limits. The “Course” section includes many examples 
that show students how to procedurally find limits, which might lead students to 
memorize or over-generalize such procedures, instead of creating conceptual 
understanding. Graphs in this case would have helped in overcoming such a difficulty 
(D7). Moreover, when dealing with asymptotes (D2) or the behavior of a polynomial 
function at infinity (D1, D2), the use of graphs can help students visualize the notions 
better (D7). The text used to explain these notions is not clear on its own and might be 
confusing to the students. In most cases, it does not provide any justification or validation 
of the fact but just states it as something that should be admitted with no questioning. 
Although the included examples help in explaining the facts further, the usage of graphs 
is essential in order to eliminate ambiguities caused by the text (D7).    
5.1.2 Research question 2 
How is the concept of “limit of a function” actually presented and developed in 
the classroom? 
 The analysis of the observation log in the previous chapter section 4.3, shows 
many instances that might cause difficulties for students while learning the concept of 
limits. The first instance is related to the use of the mathematical and symbolic tools that 
have different meaning with limits than they used to have with previous concepts (D1). 
Some examples are the use of “=” sign as well as “+” and “-” signs. Sierpinska (1987) 
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believes that the use of “equal” sign that comprises the symbolism in limits, creates a 
structural problem related to the construction of a formula. Since the “equal” sign used 
with limits is not used in the same sense as in any equation or formula. 
  Based on students’ previous knowledge, the “=” sign means a finite value. When 
they start to deal with limits the meaning of the “=” sign starts to shift into a more 
abstract one. When used with limits, “=”sign becomes a symbol that represents 
statements such as “tends to” and “approaches”. For example, when we say that f(x) = 3 
when x = 2 it means that the value of the function is exactly 3 when x is 2 and x = 2 
belongs to the domain of definition of the given function. Whereas, when we say that 
 lim
𝑥→2
𝑓(𝑥) = 3 the value of the function might be very close to 3 but not exactly 3, and the 
given x might not even belong to the domain of definition of f(x).   
 As for the use of “+” and “-” signs in cases such as  4+ or 4-, the use of this 
symbol is unlike its use in the algebra context, whereby the same symbolic representation 
is sometimes used to introduce the signed numbers, which makes it prone to confusion. In 
that context, 4- for example, used to signify negative 4 or -4. 
 A second instance has to do with the confusion that might happen due to the 
passage from finite to infinite, hence understanding ‘what occurs at infinity’ which might 
explain why the “indeterminate form” is so vague (D2).  
 A third instance has to do with dealing with infinity, dividing by zero and 
the long process that is used to solve limits (D3). Dealing with the first two notions in 
relation with limits creates a perception in the students’ minds that this is not 
Mathematics, since the idea used to be rejected before in their opinion (D3). Dealing with 
the long process is a bit abstract for students, especially when the result in some cases is 
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“limit does not exist” (D3). Pehkonen, Hannula, Maijala, and Soro (2006) consider 
infinity as an inspiring but rather difficult concept for both mathematicians and students. 
Since the infinity concept is directly related to the concept of limits, any misconception 
of the former concept can hinder proper understanding of the latter one. 
 A fourth instance has to do with whether the limit is attained or not. Throughout 
the class observations, this instance is not clear. To the students it is intriguing that when 
a variable is approaching a number; the difference between them is disappearing, on the 
point of vanishing (D4). The extent to which this difference is disappearing is not clear 
(D4).  
 A fifth instance has to do with using certain terminology without clearly 
explaining the meaning of that terminology which might create some uncertainty in the 
students’ minds. One example is the use of “positive sense” in exchange for “increasing 
sense” to show what the arrows mean on the axis of orthonormal system (D5).  
A sixth instance has to do with the use of procedural methods to find limits. Since 
most of the time students cannot participate in deciding on the conventional symbolism 
and are hesitant to use the visual approach, the teacher ultimately had to choose the use of 
procedural methods over conceptual understanding (D6). Sometimes teachers opt for the 
procedural approach to save time and effort, or because they lack knowledge and/or skills 
of more active learning methods. Cottrill, Dubinsky, Nichols, Schwingendorf, Thomas, 
and Vidakovic (1996) consider that in order to learn the concept of “limit of a function” 
an explorative approach should be used starting with the use of tables, which include the 
values of a function, and graphs and later with the use of entities that can be expressed 
symbolically.   
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A seventh instance has to do with the transfer from geometrical or graphical 
figures to numerical and symbolic interpretation. The observation log shows few cases 
where there is a smooth transfer from graphical representations into symbolic ones.  One 
example is the discrepancy in the way a piece-wise function is defined symbolically 
(vertically aligned per sub-domain) versus graphically (horizontally aligned), which 
could create some confusion in the students’ minds (D7). Hiebert and Carpenter (1992) as 
well as Dreyfus (1991) believe that individuals can better understand any mathematical 
concept through creating more connections between mental representations.  
5.1.3 Research question 3 
What types of difficulties/obstacles do Lebanese secondary students face while 
learning limits of functions? 
 The results (section 4) of the analysis of the observation log, formative tests 
(Test1 and Test2), and the post-test reveal the main difficulties that students face while 
learning the concept of limits. The main detected difficulties that are common to all four 
are: 
  (D1) Insufficiency of simple arithmetic or algebra and shift in symbolism, 
particularly (d1) algebra and arithmetic are not enough anymore, (d2) sometimes algebra 
and arithmetic cannot even be used, otherwise they would lead to errors. The concept of 
limit requires a type of calculation that may counter simple algebra and arithmetic, (d3) 
concepts related to infinity arise and the whole context becomes ‘surrounded in mystery’, 
and (d6) resolving an indeterminate form to obtain a finite object. Tall (1993) considers 
that the concept of limits requires a type of calculation that cannot be performed using 
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simple algebra and arithmetic. It also includes infinite processes that can only be 
performed using indirect arguments (Tall, 1992b). 
 (D2) The notion of the infinitely large and infinitely small, particularly (d4) the 
process of ‘a variable getting arbitrarily small’ is often interpreted as an ‘arbitrarily small 
variable quantity’, implicitly suggesting infinitesimal concepts, even when these are not 
explicitly taught,(d5 ) likewise, the idea of ‘N getting arbitrarily large’, implicitly 
suggests conceptions of infinite numbers, and (d6) there is confusion over the passage 
from finite to infinite, in understanding ‘what occurs at infinity’. According to Tall 
(1992b) the concept of limits includes infinite processes that can only be performed using 
indirect arguments. 
(D3) The metaphysical aspect of the notion of limit, particularly (d1) the belief 
that it is not really mathematics, (d2) limit cannot be calculated directly using familiar 
methods, (d3) dealing with limit related problems is not a rigorous process, and (d4) the 
concept of limit is very abstract. Juter (2007) considers that understanding the 
“termination of an infinite procedure as a finite object” is challenging to individuals and 
hard to understand.  
 After the introduction of the concept of limits, the algebraic and arithmetic 
procedures that students used to solve mathematical problems stop being enough. The 
concept of limit requires new types of calculations and procedures (removing the 
indeterminacy, rationalizing, dividing by a power of x, etc). The “=”, “+”, and “-” signs 
with limits shift their meanings from what they used to signify. Dealing with 
Indeterminate Forms, notion of infinity, and continuity of functions change students’ 
perspective of the nature and identity of Mathematics.  
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 (D7) The failure to link geometry with numbers (particularly (d1) often there is no 
transfer between geometrical-graphical figures and a purely numerical interpretation and 
(d2) the geometrical-graphical interpretation, and its success in resolving pertinent 
problems, is seen to cause an obstacle which prevents the passage to the notion of a 
numerical limit) is a difficulty detected in three of the four analyses mentioned above; 
observation log, Test2, and post-test. The analysis shows that students face many 
problems reading graphs in order to find limits. Several instances of the difficulty of 
finding the limits of a piece-wise function from graphs are noticed in the analysis. This 
also applies to asymptotes and different types of functions. According to Cornu (1991), 
one of the main epistemological obstacles has to do with the failure to link numbers with 
geometry. 
 (D10) Prerequisite knowledge of topics related to the concept of “limit of a 
function” (particularly (d3) solving equations and inequalities, (d4) dealing with 
variables, (d5) factoring, (d6) dealing with radicals, (d8) absolute values, (d9) Fractions, 
and (d10) equation of a straight line) is a difficulty detected in three of the four analyses 
mentioned above; Test1, Test2, and post-test. The analysis shows several instances of 
mistakes related to solving equations and inequalities, which are directly related to the 
mentioned difficulty. Other instances have to do with dealing with variables, factoring, 
radicals, powers, absolute values, fractions, and equation of a straight line.  
 (D9) Lack of knowledge of the notion of function (particularly (d1) understanding 
the concept of limit depends to a great extent on the understanding of the concept of a 
function, (d5) in the case of a piece-wise function, the different equations representing f 
are always vertically aligned per sub-domain, whereas the graphs they represent are 
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horizontally aligned) is a difficulty detected in two of the four analyses mentioned above; 
Test1 and post-test. Understanding the concept of limit depends to a great extent on the 
understanding of the concept of a function. The analysis reveals several instances of 
mistakes related to this difficulty. Mistakes with finding the value of a function at a given 
point, identifying the domain and range of a function, choosing the correct side of a 
piece-wise function, and many other instances related to the concept of a function are 
identified in the analysis. Tall (1992b) believes that difficulties can emerge due to 
students’ inability to understand functions which occurs when students are faced by 
problems a bit past their usual experiences such as in finding limits. 
 The following difficulties: (D4) Is the Limit attained or not?,  (D5) Difficulties 
embodied in the language, and  (D6) Teaching approach and use of representations, are 
only identified in the class observations, since they are mostly related to the way the 
concept is presented in the classroom. 
5.1.4 Research question 4 
How do students perceive the concept of limit and describe their difficulties 
regarding this concept? 
 Students’ perception of the concept of limits can be clearly detected from the 
class observation analysis and the questionnaire analysis. Both analyses show that 
students and based on their previous knowledge consider that working with limits is not 
Mathematics. In their opinion this is mainly because operating with infinity or dividing 
by zero, is completely rejected by “exact” mathematics.   
 The questionnaire analysis of Question 1 reveals that statement 1: “A limit 
describes how a function moves as x moves toward a certain point”, is the most adopted 
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statement by students (GS and LS tracks) among the six given. This choice shows that 
students try to overlook infinity as a possible limit for either, or both of the variable and 
function maybe due to the complexity of the notion of infinity.  
 The second dominating statement differs between the students in the two tracks, 
GS and LS. As for the GS students’ choice of statement 3 “A limit is a number that the y-
values of a function can be made arbitrarily close to by assigning specific numbers to the 
x-values”, it shows that their perception of the limit is that it is a number that the y-values 
of a function can get close to but cannot reach for specific numbers of x-values. Again 
here the possibility of infinity is ignored. As for the LS students’ choice of statement 4 
“A limit is a number or point the function gets close to but never reaches”, it reveals the 
same idea as the previous one with an addition of a graphical perception due to the use of 
the word “point”. The value of x in this statement is totally ignored which might imply 
that students do not know exactly how this value is related to the limit. This perception 
that the limit is never reached is also evident in the class observation analysis of “Is the 
limit attained or not?” 
 The third-preferred statement, Statement 6 “A limit is determined by plugging in 
numbers closer and closer to a given number until the limit is reached”, reveals the 
opposite of the previous ones in the sense that students perceive the limit as being 
reached. This statement does not explain where the numbers should be plugged or relate 
the limit whatsoever with functions.  
 Statements 5, “A limit is an approximation that can be made as accurate as you 
wish” which was chosen by students second to least, show that students perceive limit as 
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an approximation that they can manipulate as they wish in order to fit their needs. The 
statement itself is ambiguous and does not relate in any way to limits. 
 Statement 2, “A limit is a number or point past which a function cannot go”, 
which was the least preferred statement, shows that students perceive limits as they 
understand the English meaning of the word “past which a function cannot go”. 
  The questionnaire analysis of Question 2, “Please describe in a few sentences 
what you understand a limit to be. That is, describe what it means to say that the limit of 
a function f as ax is some number L.”, shows different perceptions of the concept 
of limit.  
 Students’ understanding of limit appears to be structured and almost uniform. The 
different verbs used by students reflect different conceptions of functions and of limits. 
For example, the verbs “moves toward”, “approaches”, “get closer to”, “tend to” provide 
a dynamic nature to the variable and the function. It also reflects the idea that x and / or 
f(x) may not get equal to the values they are tending to. Such a conception is different 
from the one reflected by verbs such as “reaches”, “becomes”, “is”, which reflect a more 
static conception, while at the same time expressing the fact that the variable and/or 
function may be equal to the values they are tending to.  
 The questionnaire analysis of Question 3, “Please describe in a few sentences the 
main difficulties and obstacles you faced while learning the concept of limits.”, aims to 
explore the way students perceive the difficulties that they have faced and/or they are 
facing while learning and working with limits. 
 The analysis of students’ answers reveals the following categories of difficulties 
related to learning limits: 
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 Operations and calculations to find a limit (10 students) 
 Indeterminate form (7 students) 
 Differentiability and continuity (7 students) 
 Meaning and purpose of limit (6 students) 
 Metaphysical aspect (4 students) 
 Asymptotes (vertical & horizontal) (2 students) 
 Previous knowledge (2 students) 
 Undefined point (1 student) 
 Infinitely small (1 student) 
5.2 Limitations of the Study 
 There are few limitations to this study. The first limitation relates to the small 
number of participants since only one class in grade 11 (24 students) and two classes in 
grade 12 (36 students) are chosen due to the limited access to schools. The participants 
are conveniently selected from one school that adopts a Lebanese program, thus they are 
not considered a representative sample of all students in all schools in Lebanon.
 Moreover, the qualitative nature of the study creates another limitation since any 
qualitative study is prone to the interference of the personal opinion of the researcher. 
However, many measures were taken to reduce this risk, among which the triangulation 
of data obtained from different sources. 
5.3 Recommendations for Teaching and Learning Limits 
 The concept of limits of functions is a major concept in mathematics in general 
and calculus in particular. The way this concept is taught and learned is essential in order 
to create a solid basis for learning other mathematical concepts in general and calculus 
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concepts in particular. Moreover, it is an important concept for other disciplines such as 
physics and economics. Based on the importance of this concept and the results of the 
study, some recommendations for teaching and learning limits are given below. 
 The first recommendation is for teachers and curriculum developers to rethink the 
curriculum and textbooks in order to achieve a conceptual understanding of the concept 
and its application in mathematics, as well as other disciplines, i.e. assess the need for 
changes, extra activities and look for other resources.  
 The second recommendation is to create a suitable learning context through 
designing problem situations to understand and apply the concept of “limit of a function”.  
 Moreover, a third recommendation relates to the teaching strategies used in the 
classroom. The use of different teaching strategies and methods can help students in 
better understanding and learning the concept. A mixture of different representations, 
technology, and real life cases can promote a better understanding of the concept.   
5.4  Perspectives for Further Research 
 Since few research studies have been conducted in Lebanon and the Arab region 
on such an important topic, this study will help in creating a base line for conducting 
further research on the topic in Lebanon.  
 One suggestion might be to conduct future studies with a bigger sample of 
participants which might help in better generalization of the results. Another suggestion 
is to revise the formative tests used (especially Test1) so that they become less procedural 
and be able to uncover conceptual understanding. A third suggestion is to perform some 
clinical interviews that will help uncover students’ conceptual understanding and concept 
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images. A fourth suggestion is to conduct studies on concepts related to limits such as 
derivatives, differentiation, areas, etc. 
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Appendix A: Test1 
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Appendix B: Test2 
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Appendix C: Post-test 
 
Question I 
Answer by True or False and justify your answer. (10 min.) 
1. For any polynomial function defined by p(x), and for any real number a, 
ax
xp

)(lim is always 
equal to p(a). 
ax
xp

)(lim = p(a) 
 
 
2. The curve of a rational function may cross its vertical asymptote. 
 
 
3. The curve of a function may cross its horizontal asymptote. 
 
 
4. If a function f is not defined at x = a then the 
ax
xf

)(lim never exists. 
 
5.  If the 
ax
xf

)(lim and the 
ax
xg

)(lim exist, then 
ax
ax
ax xg
xf
xg
xf




)(lim
)(lim
)(
)(
lim  
 
 
6. If 
ax
xf )(lim = L1, 
ax
xf )(lim = L2, then 
ax
xf

)(lim exists only if L1 = L2. 
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Question II 
Each of the following questions has one correct answer. Choose the correct answer and 
justify your choice. (28 min.) 
7. 
 
8. If )()()( 2121 xxfxfxf  for any real numbers 1x and 2x , which of the 
following could define f ? 
 
9.      If the domain of the function f given by
21
1
)(
x
xf

 is 1: xx , what is the range 
of f ? 
 (A)  -∞ < f(x) < -1  (B)  -∞ < f(x) < 0  (C)  -∞ < f(x) < 1  
  (D)  -1 < f(x) < ∞  (E)  0< f(x) < ∞  
 
10. What is the domain of the function f given by
3
4
)(
2



x
x
xf ? 
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11. 
 
12. 
 
13. 
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14. If  
3
7)(lim


x
xf , which of the following must be necessarily true? 
 
15.  
 
16.  The straight line of equation y = 1 is an asymptote to the curve of the function f 
defined by: 
 
17.  For 
4
20
)(,4
2



x
xx
xhx . What value should be assigned to )4(h to make 
)(xh continuous at 4x ? 
 (A) -1  (B) 0  (C) 5  (D) 9  (E) 20 
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Question III 
Find the following limits. (6 min.) 
18.  
2
83lim


x
x  
 
19. 
x
x)sin(lim  
 
20.  
3
2
3
9
lim



t
t
t
 
 
21.  
5
2
5
5
lim



x
x
x  
 
Question IV 
Refer to the curve of function f given below to answer each of the following exercises. (6 min) 
22.
2
)(lim
x
xf  
 
23. 
x
xf )(lim  
 
24.  
1
)(lim
x
xf  
 
25.  
5
)(lim
x
xf  
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Appendix D: Questionnaire 
 
 
Answer the following questions.  
1. Which of the following statements best describes a limit as you understand it? Choose 
the three statements that best describe it and rate them from 1 to 3 in the order of 
preference. 
A limit describes how a function moves as x moves toward a certain point. 
A limit is a number or point past which a function cannot go. 
A limit is a number that the y-values of a function can be made arbitrarily close to by 
assigning specific numbers to the x-values. 
 
A limit is a number or point the function gets close to but never reaches. 
A limit is an approximation that can be made as accurate as you wish. 
A limit is determined by plugging in numbers closer and closer to a given number 
until the limit is reached 
 
2. Please describe in a few sentences what you understand a limit to be. That is, describe 
what it means to say that the limit of a function f as ax is some number L. 
 
 
 
3. Please describe in a few sentences the main difficulties and obstacles you faced while 
learning the concept of limits. 
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Appendix E: Test1 A Priori Analysis Tables 
 
Question I - Solution and Analysis 
Part A) 
Solution Concepts  and skills 
involved 
Potential Difficulties 
Phase 1: Substitute x 
for 1 and check if an 
indeterminate form is 
obtained 
 
.).(
0
0
)0)(3(
0
)11)(2)1(5(
2)1(2
)1)(25(
22
lim
1
FI
xx
x
x








 
Vertical Asymptote 
as connected to an 
infinite limit  as x 
approaches  value 
 
Piece-wise function 
Limit 
 
Substituting values in 
Equations 
Calculation 
Recognizing 
indeterminate forms 
- Do not connect the vertical asymptote 
at a point to the fact that the limit of the 
function at that point is infinite (D1, d3; 
D2, d2 - d6; D3, d1- d3, D5, d3, d4; D6, 
d3; D9, d1; D10, d10)  
- Do not know which side of the 
function to choose (D9, d1- d3) 
- Do not know that, to find the limit of a 
function at a point, the first thing to do is 
to try to find the value of function at a 
point (D1, d1- d4; D2, d6; D3, d1- d3; 
D5, d2 - d4; D10, d1- d4) 
- Do not know how to substitute values 
in equations (D10, d3, d4) 
- Do not know how to perform simple 
calculations (D10, d3) 
- Cannot recognize indeterminate forms 
(D1, d1- d4, D2, d6, D10, d1, d2) 
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Phase 2: Factorize 
and reduce to find a 
finite value or infinity 
 
3
2
25
2
2)(5
2
25
2
lim
)1)(25(
)1(2
lim
)1)(25(
22
lim
1
1
1














x
x
xx
x
xx
x
x
x
x
 
 
 
Phase 3: Interpret the 
value of the limit in 
terms of asymptote 
 
 (C) does not 
admit the straight line 
(D) of equation 1x  
as a Vertical 
Asymptote 
 
 
 
 
 
Factoring 
 
Reducing 
Substitution 
Calculation 
 
 
 
The concept of 
asymptote 
 
 
Asymptote as 
connected to an 
infinite limit 
 
- Do not recognize factoring numerator 
or denominator then simplifying as one 
way to avoid the indeterminate form 
(D1, d6; D10, d5) 
 
- Do not know how to take common 
factors (D10, d5) 
- Do not know how to reduce fractions 
by eliminating same factors (D10, d9) 
- Do not know how to substitute values 
in equations (D10, d3, d4) 
- Do not know how to perform simple 
calculations (D10, d3) 
 
- Do not know that to have an 
asymptote, x or y, at least have to tend to 
infinity ) (D1, d3; D2, d2 - d6; D3, d1- 
d3, D5, d3, d4; D6, d3; D9, d1; D10, 
d10 )  
- Do not know that to have a vertical 
asymptote, y has to tend to infinity as x 
approached a value (here 1) ) (D1, d3; 
D2, d2 - d6; D3, d1- d3, D5, d3, d4; D6, 
d3; D9, d1; D10, d10)  
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Part B) 
Solution Concepts and skills 
involved 
Potential Difficulties 
Phase 1: Substitute x 
for 5 and check if an 
indeterminate form or 
an infinity is obtained  
 
 
 
 









0
15
55
5)5(35
5
53
lim
2
5
2
x
x
xx
 
 
 
Phase 2: Interpret the 
value of the limit in 
terms of asymptote 
Vertical Asymptote 
as connected to an 
infinite limit  as x 
approaches  value 
 
Piece-wise Function 
 
Limit 
 
 
Substituting values in 
Equations 
 
Calculation 
Infinite form 
 
 
The concept of 
asymptote 
 
- Do not connect the vertical asymptote 
at a point to the fact that the limit of the 
function at that point is infinite (D1, d3; 
D2, d2 - d6; D3, d1- d3, D5, d3, d4; D6, 
d3; D9, d1; D10, d10)  
- Do not know which side of the 
function to choose (D9, d1- d3) 
-Do not know that, to find the limit of a 
function at a point, the first thing to do is 
to try to find the value of function at a 
point (D1, d1- d4; D2, d6; D3, d1- d3; 
D5, d2 - d4; D10, d1- d4) 
-Do not know how to substitute values 
in equations (D10, d3, d4) 
 -Do not know how to perform simple 
calculations (D10, d3) 
-Cannot recognize infinite forms (D2, 
d5, d6, D10, d1, d2) 
 
-Do not know that to have an asymptote, 
x or y, at least have to tend to infinity 
(D1, d3; D2, d2 - d6; D3, d1- d3, D5, 
d3, d4; D6, d3; D9, d1; D10, d10)  
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 (C) admits the 
straight line of 
equation 5x  as a 
Vertical Asymptote 
Asymptote as 
connected to an 
infinite limit 
- Do not know that to have a vertical 
asymptote, y has to tend to infinity as x 
approached a value (here 5) (D1, d3; D2, 
d2 - d6; D3, d1- d3, D5, d3, d4; D6, d3; 
D9, d1; D10, d10)  
 
Part C) 
Solution Concepts and skills 
involved 
Potential Difficulties 
Phase 1: Substitute x 
for ∞ and check if an 
indeterminate form is 
obtained 
 
 
 
 
 
.).(
5
53
lim
2
FI
x
xx
x






 
 
 
Horizontal 
Asymptote as 
connected to a finite 
limit  as x approaches 
infinity 
 
Limits at Infinity 
 
 
 
Substituting values in 
equations 
Recognizing 
indeterminate forms  
 
- Do not connect the horizontal 
asymptote at infinity to the fact that the 
limit of the function at that point is finite 
(D1, d3; D2, d2 - d6; D3, d1- d3, D5, 
d3, d4; D6, d3; D9, d1; D10, d10)  
- Do not know that, to find the limit of a 
function at a point, the first thing to do is 
to try to find the value of function at a 
point (D1, d1- d4; D2, d6; D3, d1- d3; 
D5, d2 - d4; D10, d1- d4) 
 
- Do not know how to substitute values 
in equations (D10, d3, d4) 
- Cannot recognize indeterminate forms 
(D1, d1- d4, D2, d6, D10, d1, d2) 
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Phase 2: Use the 
concept of Limit of 
highest power to find 
a finite  or infinite 
value at + and - ∞ to 
check the existence of 
Limit 
 









x
x
x
x
x
x
x
xx
lim
lim
5
53
lim
2
2
 
 
 
Piece-wise function 
 
 
 
 
 
 
Limit of highest 
power (Factorizing) 
Reducing 
Substituting values in 
Equations 
 
- Do not know which side of the 
function to choose (D9, d1- d3) 
 
 
 
 
 
-Do not know when to consider highest 
power to find limits (D1, d1- d4; D2, d5, 
d6; D3, d1- d3; D5, d2 - d4; D10, d1, d2, 
d5) 
- Do not know how to reduce fractions 
by eliminating same factors (D10, d9) 
- Do not know how to substitute values 
in equations (D10, d3, d4) 














0
2
25
2
lim
)1)(25(
)1(2
lim
)1)(25(
22
lim
x
x
x
x
xx
x
xx
x
 
Piece-wise function 
 
Factoring 
Reducing 
Substitution 
Calculation including 
∞ 
- Do not know which side of the 
function to choose (D9, d1- d3) 
- Do not know how to take common 
factors (D10, d5) 
- Do not know how to reduce fractions 
by eliminating same factors (D10, d9) 
- Do not know how to substitute values 
in equations (D10, d3, d4) 
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Limit does not exist 
 
 
Phase 3: Interpret the 
value of the limit in 
terms of asymptote 
 
 (C) admits the 
straight line of 
equation 0y  (x-
axis) as a Horizontal 
Asymptote 
 
 
 
Existence of Limits 
 
 
The concept of 
asymptote 
 
 
Asymptote as 
connected to a finite 
limit at an infinite 
value 
-Do not know how to perform 
calculations involving infinity (D2, d5, 
d6, D10, d1, d2) 
 - Do not recognize when a limit exist or 
not (D3, d6) 
 
 
- Do not know that to have an 
asymptote, x or y, at least have to tend to 
infinity (D1, d3; D2, d2 - d6; D3, d1- d3, 
D5, d3, d4; D6, d3; D9, d1; D10, d10)  
- Do not recognize when a curve admits 
a Vertical Asymptote versus a 
Horizontal one. (D9, d1; D10, d10) 
- Do not know that to have a horizontal 
asymptote, y has to tend to a finite value 
as x tends to infinity (D1, d3; D2, d2 - 
d6; D3, d1- d3, D5, d3, d4; D6, d3; D9, 
d1; D10, d10)  
 
Question II - Solution and Analysis 
Part A) 
Solution Concepts  and skills 
involved 
Potential Difficulties 
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Phase 1: Substitute x 
for 1 and check if an 
indeterminate form 
is obtained 
 
.).(
0
0
0
2
1
2
1
11
2
1
11
1
1
2
1
1
1
lim
1
FI
x
x
x











 
 
Limit 
 
 
 
 
Substituting values in 
Equations 
Calculation 
Performing operations 
on equations with 
fractions 
Recognizing 
indeterminate forms 
 
 
- Do not know that, to find the limit of 
a function at a point, the first thing to 
do is to try to find the value of function 
at that point (D1, d1- d4; D2, d6; D3, 
d1- d3; D5, d2 - d4; D10, d1- d4) 
 
 
- Do not know how to substitute values 
in equations (D10, d3, d4) 
- Do not know how to perform simple 
calculations (D10, d3) 
- Cannot recognize indeterminate forms 
(D1, d1- d4, D2, d6, D10, d1, d2) 
 
Phase 2: Work with 
fractions and reduce 
to find a finite value 
or infinity 
 
 
 
 
Limit 
 
 
 
 
 
- Do not recognize factoring numerator 
or denominator then simplifying as one 
way to avoid the indeterminate form 
(D1, d6; D10, d5) 
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4
1
)11(2
1
)1(2
1
lim
)1)(1(2
)1(
lim
)1)(1(2
1
lim
1
)1(2
1
lim
1
)1(2
12
lim
1
2
1
1
1
lim
1
1
1
1
1
1































x
x
x
x
x
x
x
xx
x
xx
x
x
x
x
x
x
x
x
x
 
 
 
Operations on 
Fractions (subtraction) 
Calculation 
Operations on 
Fractions (division) 
Factoring 
Reducing 
Substitution  
Calculation 
 
 
 
- Cannot perform operations on 
fractions (D10, d9) 
- Do not know how to perform simple 
calculations (D10, d3) 
- Cannot perform operations on 
fractions (D10, d9) 
- Do not know how to take common 
factors (D10, d5) 
- Do not know how to reduce fractions 
by eliminating same factors (D10, d9) 
- Do not know how to substitute values 
in equations (D10, d3, d4) 
- Do not know how to perform simple 
calculations (D10, d3) 
 
Part B) 
Solution Concepts  and skills 
involved 
Potential Difficulties 
Phase 1: Substitute x 
for +∞ and check if 
an indeterminate 
form is obtained 
 
Limit 
 
- Do not know that, to find the limit of 
a function at a point, the first thing to 
do is to try to find the value of function 
at a point (D1, d1- d4; D2, d6; D3, d1- 
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.).(
1
32
5
1
lim
32
)
5
1(
lim
32
5
lim
2
2
FI
x
x
x
x
x
x
x
xx
x
x
x
















 
 
 
 
Factoring 
 
Square root 
Substitution 
Calculation 
Recognizing 
indeterminate forms 
d3; D5, d2 - d4; D10, d1- d4) 
 
- Do not know how to take common 
factors (D10, d5) 
- Do not know how to deal with square 
roots (D10, d6) 
- Do not know how to substitute values 
in equations (D10, d3, d4) 
- Do not know how to perform simple 
calculations (D10, d3) 
- Cannot recognize indeterminate forms 
(D1, d1- d4, D2, d6, D10, d1, d2) 
Phase 2: Factorize 
and reduce to find a 
finite value or 
infinity 
 
 
 
 
Limit  
 
 
 
 
 
 
 
 
-  Do not recognize factoring numerator 
or denominator then simplifying as one 
way to avoid the indeterminate form 
(D1, d1- d4, D2, d6, D10, d1, d2) 
 
- Do not know how to deal with square 
roots regarding limits (D1, d6; D10, 
d6) 
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2
1
02
01
3
2
5
1
lim
)
3
2(
5
1
lim
32
5
1
lim
32
)
5
1(
lim
32
5
lim
2
2





















x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
xx
 
 
 
 
Factoring 
 
Square root 
 
Factoring 
 
Reducing 
 
Substitution  
Calculation 
 
 
 
 
 
- Do not know how to take common 
factors (D10, d5) 
- Do not know how to deal with square 
roots (D10, d6) 
 
- Do not know how to take common 
factors (D10, d5) 
- Do not know how to reduce fractions 
by eliminating same factors (D10, d9) 
- Do not know how to substitute values 
in equations (D10, d3, d4) 
- Do not know how to perform simple 
calculations (D10, d3) 
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Part C) 
Solution Concepts  and skills 
involved 
Potential Difficulties 
Phase 1: Consider 
each side of the 
piece-wise function 
as x tends to -5 in 
order to find the 
limit  
 
2
1
2
2
2lim
1
4950
49)25(2
49)5(2
492lim
492lim
1
45
5
4
2
5
2
5
2




















x
x
x
x
x
x
 
 
 
 
 
 
 
 
 
 
 
Piece-wise function 
Substitution  
 
Calculation 
Piece-wise function 
 
Substitution  
Calculation 
 
 
 
 
- Do not know that, to find the limit of a 
function at a point, the first thing to do 
is to try to find the value of function at 
that point (D1, d1- d4; D2, d6; D3, d1- 
d3; D5, d2 - d4; D10, d1- d4) 
 
 
 
-Cannot recognize a piece-wise function 
(D9, d1- d3) 
-Do not know how to substitute values 
in equations (D10, d3, d4) 
- Do not know how to perform 
calculations involving 
x numbers (D1, 
d5; D10, d3) 
- Cannot recognize a piece-wise 
function (D9, d1- d3) 
- Do not know how to substitute values 
in equations (D10, d3, d4) 
- Do not know how to perform 
calculations involving 
x numbers (D1, 
d5; D10, d3) 
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Phase 2: Check the 
existence of the 
Limit 
 
Since the limits of 
the given function at 
-5- and -5+ are not 
equal then the limit 
does not exist  
 
 
 
 
Existence of Limits 
 
 
 
 
- Do not recognize when a limit exist or 
not (D3, d6) 
 
 
Part D) 
 Possible errors Meaning Regarding Difficulties 
Phase 1: Substitute x 
for 4 and check if an 
indeterminate form is 
obtained 
 
.).(
0
0
44
25)14(
4
25)1(
lim
2
4
2
FI
x
x
x







 
 
 
 
Limit 
 
 
Substitution 
Calculation 
Recognizing 
indeterminate forms 
 
 
- Do not know that, to find the limit of 
a function at a point, the first thing to 
do is to try to find the value of function 
at a point (D1, d1- d4; D2, d6; D3, d1- 
d3; D5, d2 - d4; D10, d1- d4) 
 
- Do not know how to substitute values 
in equations (D10, d3, d4) 
- Do not know how to perform simple 
calculations (D10, d3) 
- Cannot recognize indeterminate forms 
(D1, d1- d4, D2, d6, D10, d1, d2) 
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Phase 2: Factorize and 
reduce to find a finite 
value or infinity 
 
10
64
6lim
4
)6)(4(
lim
4
)51)(51(
lim
4
25)1(
lim
4
4
4
4
2














x
x
x
x
x
x
xx
x
xx
x
x
 
 
 
 
 
Factoring 
 
Calculation 
Reducing 
Substitution  
Calculation 
 
- Do not recognize factoring numerator 
or denominator then simplifying as one 
way to avoid the indeterminate form 
(D1, d1- d4, D2, d6, D10, d1, d2) 
- Do not know how to factorize the 
form 
22 ba   (D10, d5- d7) 
- Do not know how to perform simple 
calculations (D10, d3) 
- Do not know how to reduce fractions 
by eliminating same factors (D10, d9) 
- Do not know how to substitute values 
in equations (D10, d3, d4) 
- Do not know how to perform simple 
calculations (D10, d3) 
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Question III - Solution and Analysis 
Solution Concepts  and skills 
involved 
Potential Difficulties 
Phase 1: Setting the 
condition for 
continuity 
 
The function 
3
9
)(



x
x
xf  
is continuous at  
9
)(lim)9(9


x
xffx
 
 
 
 
 
 
Continuity 
 
 
 
 
 
- Cannot apply the concept of 
continuity (D1, d1, d2, d4, d5; D3, d1 – 
d4; D9, d1- d3) 
Phase 2: Substitute  x 
for 9 and check if an 
indeterminate form is 
obtained  
..
0
0
33
0
39
99
3
9
lim
9
FI
x
x
x









 
 
 
Limit 
 
 
Substitution  
Calculation 
Calculation 
Indeterminate Form 
 
- Do not know that, to find the limit of 
a function at a point, the first thing to 
do is to try to find the value of function 
at a point (D1, d1- d4; D2, d6; D3, d1- 
d3; D5, d2 - d4; D10, d1- d4) 
- Do not know how to substitute values 
in equations (D10, d3, d4) 
- Do not know how to perform 
calculations involving square roots 
(D10, d6) 
- Do not know how to perform simple 
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 calculations (D10, d3) 
- Cannot recognize indeterminate forms 
(D1, d1- d4, D2, d6, D10, d1, d2) 
Phase 2: Factorize and 
reduce to find a finite 
value or infinity 
 
6)9(,
6
33
39
3lim
3
)3)(3(
lim
3
9
lim
9
9
9













fSo
x
x
xx
x
x
x
x
x
 
 
 
 
 
 
Factoring 
Reducing 
Substitution  
Calculation 
Calculation 
 
 
- Do not recognize factoring numerator 
or denominator then simplifying as one 
way to avoid the indeterminate form 
(D1, d1- d4, D2, d6, D10, d1, d2) 
 
 
- Do not know how to factorize the 
form 
22 ba   (D10, d5- d7) 
- Do not know how to reduce fractions 
by eliminating same factors (D10, d9) 
- Do not know how to substitute values 
in equations (D10, d3, d4) 
- Do not know how to perform 
calculations involving square roots 
(D10, d6) 
- Do not know how to perform simple 
calculations (D10, d3) 
Phase 3:  Apply the 
concept of continuity 
in order to find the 
value of a function at a 
give point (here at x = 
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9) 
  
Since the function is 
continuous at x = 9 
and its limit as x tends 
to 9 is equal to 6, then 
f(9) = 6 
 
 
Continuity of a 
function at a given 
point 
 
 
- Cannot apply the concept of 
continuity (D1, d1, d2, d4, d5; D3, d1 – 
d4; D9, d1- d3) 
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Appendix F: Test2 A Priori Analysis Tables 
 
Question I - Solution and Analysis 
Solution Concepts and 
skills involved 
Potential Difficulties 
Phase 1: Substitute x for 0 and 
check if an indeterminate form 
is obtained 
 
 
 
 
 
 
 
.).(
0
0
2
131
lim
)(lim
0
0
FI
x
x
xf
x
x





 
Vertical 
Asymptote as 
connected to an 
infinite limit  as x 
approaches  value 
 
The y-axis as 
connected to x 
being zero 
 
Limit 
 
 
Substituting 
values in 
Equations 
Recognizing 
indeterminate 
forms 
- Do not connect the vertical 
asymptote at a point to the fact 
that the limit of the function at 
that point is infinite (D1, d3; D2, 
d2 - d6; D3, d1- d3, D5, d3, d4; 
D6, d3;  D9, d1; D10, d10 ) 
- Do not connect the y-axis being 
a vertical asymptote to x  0 
(D9, d1; D10, d10) 
- Do not know that, to find the 
limit of a function at a point, the 
first thing to do is to try to find 
the value of the function at that 
point (D1, d1- d4; D2, d6; D3, 
d1- d3; D5, d2 - d4; D10, d1- d4) 
- Do not know how to substitute 
values in equations (D10,d3, d4) 
 
- Cannot recognize indeterminate 
forms (D1, d1- d4, D2, d6, D10, 
d1, d2) 
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Phase 2: Rationalize the 
numerator and reduce to find a 
finite value or infinity 
 
  
 
 
 
  
 
4
3
112
3
10312
3
1312
3
lim
1312
131
lim
1312
131131
lim
2
131
lim
0
0
0
0


























x
x
x
x
xx
x
xx
x
xx
xx
x
x
 
 
 
 
 
 
Rationalizing 
 
Products with 
radicals 
Calculations 
Reducing 
fractions 
Substitution 
Calculation 
 
 
 
 
 
 
 
 
 
 
 
 
- Do not know how to avoid 
indeterminate forms when 
radicals are involved (D1, d6; 
D10, d6) 
 - Do not know how to perform 
calculations using identities. (a – 
b)(a + b) = a2 – b2 (D10, d5- d7) 
- Do not know how to reduce 
fractions by eliminating same 
factors (D10, d9) 
- Do not know how to substitute 
values in equations (D10, d3, d4)  
- Do not know how to perform 
simple calculations (D10, d3) 
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  
 
 
 
  
 
4
3
112
3
10312
3
1312
3
lim
1312
131
lim
1312
131131
lim
2
131
lim
0
0
0
0


























x
x
x
x
xx
x
xx
x
xx
xx
x
x
 
 
 
Rationalizing 
Products with 
radicals 
Calculations 
 
Reducing 
fractions 
Substitution 
Calculation 
- Do not know how to avoid 
indeterminate forms when 
radicals are involved (D1, d6; 
D10, d6) 
- Do not know how to perform 
calculations using identities. (a – 
b)(a + b) = a2 – b2 (D10, d5- d7) 
- Do not know how to reduce 
fractions by eliminating same 
factors (D10, d9) 
- Do not know how to substitute 
values in equations (D10, d3, d4)  
- Do not know how to perform 
simple calculations (D10, d3) 
 
 
Phase 3: Interpret the value of 
the limit in terms of asymptote 
  
 the function f does not 
admit the y-axis of equation 
0x  as a Vertical Asymptote 
because the limit of the 
function as x  0 is a finite 
value 
 
 
 
The concept of 
asymptote 
Asymptote as 
connected to an 
infinite limit 
 
 
 
- Do not know that to have a 
vertical asymptote, y has to tend 
to infinity as x approaches a 
value (here 0) (D1, d3; D2, d2 - 
d6; D3, d1- d3, D5, d3, d4; D6, 
d3; D9, d1; D10, d10)  
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Question II - Solution and Analysis 
Solution Concepts and 
skills involved 
Potential Difficulties 



4
4
)4()(
lim
x
x
fxf
 
is infinite since the curve 
has a vertical semi-tangent 
(slope is infinite).  
Therefore,  




4
4
)4()(
lim
x
x
fxf
 
 
 




4 4
)4()(
lim
x x
fxf
 
Slope of tangent at - 4+ = 
9
1
9
  
By counting units and 
finding rise over run 
Numerical form of 
the slope of a 
straight line 
 
 
Slope of a vertical 
line 
 
 
 
 
 
Slope of a straight 
line as the ratio 
rise/run 
- Do not know how to read a graph 
(D6, d3; D7, d1- d3) 
 
- Do not recognize the form and 
expression of the slope of the 
tangent to the curve at a point (D7, 
d1- d3; D10, d10) 
- Do not know that the slope of a 
vertical line is infinite (D10, d10) 
 
 
- Do not distinguish limit of a 
function on the left and on the right 
of a point (D1, d1- d5; D2, d6; D3, 
d1 – d4; D4, d1; D5, d4; D6, d3; 
D7, d1- d3; D9, d1-d3) 
- Do not know how to read clues on 
a graph to find the slope of a 
straight line (D7, d1- d3, D10, d1- 
d4, D10, d10) 
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Question III, Part I - Solution and Analysis 
Solution Concepts and 
skills involved 
Potential Difficulties 
Since 1y is a horizontal 
asymptote to (C) at -∞ and +∞ 
then  









x
x
xf
xf
1)(lim
1)(lim
 
Limits of a 
function at 
infinity 
 
Horizontal 
asymptote 
 
- Do not know how to read a curve in 
order to find limits when horizontal 
asymptotes are involved (D6, d3; 
D7, d1- d3; D9, d1; D10, d10) 
 
- Meaning of asymptote as connected 
to the limit of the function at infinity 
(D1, d3, d4; D2, d2 - d6; D3, d1- d3, 
D5, d3, d4; D10, d10 ) 
 
Question III, Part II - Solution and Analysis 
Solution Concepts and 
skills involved 
Potential Difficulties 


















3
2
2
2
2
2
5.2
1
44
lim
5.2
10
25
19
4129
)3(
32
3
1
44
)(
x x
xx
g
xifxx
xif
x
xx
xg

 
For  g to be continuous at 3x  
 
Piece-wise 
function 
 
 
Continuity 
Limits to the left 
 
- Do not recognize the suitable  
piece of the function to consider in 
each case (D9, d1- d3; D10, d3) 
 
- Do not understand the notion of 
continuity (D1, d1, d2, d4, d5; D3, 
d1 – d4; D9, d1- d3) 
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 

33
)(lim)(lim)(
xx
xgxgxg
 
Then 3
)(lim
x
xg
should be 2.5 
5.035.2
5.269
5.22lim
3
2







x
xx
 
and right of a 
point 
Value of a 
function at a 
point 
Solve first degree 
equation in one 
unknown 
 
 
 
- Do not know how to solve an 
equation with one unknown (D10, 
d3) 
 
Question IV - Solutions and Analysis 
Solution Concepts and skills 
involved 
Potential Difficulties 












x
x
x
x
0
24
4
24
lim
0
24
4
24
lim
2
2
 
 
 
 
Then the straight line with 
equation 0y  is a horizontal 
asymptote to the curve of f    
Limits of functions 
at infinity 
 
Calculations 
involving infinity 
 
 
Graphical 
interpretation 
- Do not know how to find limits of 
functions at positive and negative 
infinity (D1, d1 – d4; D2, d2, d4 - 
d6; D3, d1- d3; D5, d2 – d4) 
- Do not know how to perform 
calculations involving infinity (D1, 
d1 - d3; D2, d6; D10, d1 – d4) 
 
- Do not connect tendency of a 
function, as x tends to infinity, to a 
certain value,  to the fact that the 
graph has a horizontal asymptote 
 (D1, d3, d4; D2, d2 - d6; D3, d1- 
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d3, D5, d1, d3, d4; D7, d1 – d3; 
D10, d10 ) 
- Do not connect numerical limits 
and graphical properties (D7, d1 – 
d3) 
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Appendix G: Post-test A Priori Analysis Tables 
 
Question I - Solution and Analysis 
Solution Concepts and 
skills involved 
Potential Difficulties 
a. True.  
All polynomial functions are 
continuous functions and 
therefore lim p(x) as x 
approaches a = p(a).  
Meaning of a 
Polynomial 
function 
 
Finding the 
value of a 
function at a 
point 
 
Finding the limit 
of a function at a 
point 
 
Testing the 
continuity of a 
polynomial 
function 
- Do not know what a  polynomial 
function is and when it is 
continuous (D9, d1- d3) 
 
- Do not recognize the relation 
between the continuity of a 
function, its limit at a point, and its 
value at that point (D1, d1, d2, d4, 
d5; D3, d1 – d4; D9, d1- d3) 
2) False.  
Vertical asymptotes are 
defined at x values that make 
the denominator of the 
Meaning of 
Rational function 
 
- Do not know what a rational 
function is (D9, d1- d3) 
 
272 
 
rational function equal to 0 
and therefore the function is 
undefined at these values.  
Checking the 
position of 
vertical 
asymptote w.r.t. 
its rational 
function 
- Do not know when a rational 
function is not defined (D9, d1- d3) 
- Do not recognize when a function 
admits a Vertical Asymptote (D1, 
d3; D2, d2 - d6; D3, d1- d3; D6, d3; 
D9, d1; D10, d10 ) 
3) True.  
Here is an example.  
f(x) = (x - 2) / [ (x - 1) (x + 3) 
] The degree of the 
denominator (2) is higher than 
the degree of the numerator 
(1) hence the graph has a 
horizontal asymptote y = 0 
which is the x axis. 
 But the graph of f has an x 
intercept at x = 2, which 
means it cuts the x axis which 
is the horizontal asymptote at 
x = 2. 
Meaning of a 
function  
 
Checking the 
position of a 
horizontal 
asymptote w.r.t. 
its function  
- Do not recognize when a function 
admits a horizontal Asymptote  
(D1, d3; D2, d2 - d6; D3, d1- d3; 
D9, d1- d3; D10, d10 ) 
4) False.  
lim f(x) as x approaches a 
may exist even if function f is 
undefined at x = a. The 
concept of limits has to do 
with the behavior of the 
function close to x = a and not 
Meaning of an 
undefined 
function at a 
point 
Finding the limit 
of an undefined 
function as it 
- Do not know the meaning of an 
undefined function at a point (D9, 
d1- d3) 
- Do not recognize the difference 
between the limit of an undefined 
function as it approaches a point 
and its value at that point (D1, d4; 
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at x = a. approaches that 
point 
D3, d1- d3) 
 
5) False. Only if lim g(x) is 
not equal to 0. 
Meaning of an 
undefined 
function 
Finding the limit 
of undefined 
function 
- Do not know the meaning of an 
undefined function (D9, d1- d3) 
- Do not know how to find the limit 
of undefined function (D1, d3, d4; 
D3, d1- d3; D9, d1 – d3) 
 
6) True. This is an important 
property of the limits. 
Finding the limit 
of a function 
Main property of 
Limit 
- Do not know the property (D3, d1 
– d3) 
 
Question II - Solution and Analysis 
Solution Concepts and 
skills involved 
Potential Difficulties 
7) (E) 
 5))(( xfg  
Substituting 
values in 
equations  
Calculation 
Finding the 
value of a 
function of a 
function 
- Do not know how to substitute 
values in equations (D10, d3, d4) 
- Do not know how to perform 
calculations (D10, d3) 
- Do not know how to find the 
value of a function of a function 
(D9, D1 – d3) 
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8) (B) 
For xxf 2)(   
)(2
22)()(
21
2121
xx
xxxfxf


 
OR Lines through the origin 
have this property only (B) 
applies. 
Substituting 
values in 
equations of 
functions 
 
Recognizing a 
line passing 
through  the 
origin 
Using the 
property of a 
line passing 
through the 
origin 
- Do not know how to substitute 
values in equations (D10, d3, d4) 
 
 
 
- Cannot recognize lines passing 
through the origin and use their 
property (D9, d1 – d3; D10, 10) 
9) (B) 




)(
.
0)(
11
1
2
xfLim
domainthein
xallforxf
xx
x
 
Solving 
Inequalities 
with absolute 
values 
Finding range 
of a rational 
function over a 
specified 
domain 
Substituting 
values in 
equations of 
functions 
- Do not know how to solve 
inequalities with absolute values 
(D10, d3, d4, d8) 
- Do not know the meaning of 
range of a function (D9, d1 – d3) 
- Do not know how to evaluate 
functions and find their signs (D10, 
d3, d4) 
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10) (D) 
32
3042


xandx
xandx
 
- Finding the 
domain of a 
rational 
function with 
radical in the 
numerator 
 Equations with 
square roots 
- Do not know the meaning of 
domain of a function (D9, d1 – d3) 
- Do not know that square roots are 
always greater than or equal to zero 
(D10, d6) 
- Do not know how to solve 
equations with square roots (D10, 
d3, d4, d6) 
11) (D) 





n
n
n
n
nn
n
4
4
lim
10000
4
lim
2
2
2
2
 
Using highest 
degree to find 
the limit of a 
function at 
infinity 
- Do not know when to consider 
highest power to find limits of 
rational functions limits (D1, d1- 
d4; D2, d5, d6; D3, d1- d3; D5, d2 - 
d4; D10, d1, d2, d5) 
12) (D) 
D could be false, consider 
g(x) = 1 – x on [0,1] 
A is true by Extreme Value 
Theorem 
B is true because g is a 
function 
C is true by the Intermediate 
Value Theorem 
E is true because g is 
continuous 
 
 
 
Using Extreme 
value Theorem 
Meaning of a 
function 
Using 
Intermediate 
value Theorem 
Meaning of 
continuity of 
 
 
- Do not know how to use the 
Extreme Value Theorem and  the 
Intermediate Value Theorem (D9, 
d1 – d3) 
- Do not  know what a function 
means (D9, d1 – d3) 
 
- Do not know what a continuity of 
a function over an interval means 
(D9, d1 – d3) 
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function over a 
closed interval 
13) (B) 
Since 77  will be the 
maximum value of )(xf  
Maximum and 
minimum 
values of a 
function 
 
Absolute value 
 
Continuity of a 
function 
- Do not know how to use 
minimum and maximum values of a 
function to evaluate values of 
functions related to them (D9, d1 – 
d3) 
- Do not know how to evaluate 
absolute values (D10, d8) 
- Do not know what a continuity of 
a function means (D9, d1 – d3) 
14) (A) 
The statement makes no claim 
as to the behavior of f at x = 
3, only the value of f for 
values of x arbitrary close to x 
= 3 
Limits 
 
 
Continuity 
 
Differentiability 
 
 
Relation 
between the 
limit of a 
function at a 
point and its 
- Do not know the meaning of a 
limit  
- Can not differentiate between the 
limit at a point and the value at that 
point (D1, d1, d2, d4, d5; D3, d1 – 
d4; D9, d1- d3) 
- Do not know what continuity 
means (D9, d1- d3) 
- Do not know what 
differentiability means (D9, d1- d3) 
 
- Do not know how to relate limit 
of a function at a point and its 
continuity, differentiability, and 
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continuity, 
differentiability, 
and value at that 
point 
value at that point (D1, d1, d2, d4, 
d5; D3, d1 – d4; D9, d1- d3) 
15) (E) 
I: Replace 
yessochangenoxy
xyywithy
,,9
9)(:)(
22
22


 
II: Replace 
yessochangenoxy
xyxwithx
,,9
9)(:)(
22
22


 
III: Since there is symmetry 
w.r.t. both axis there is origin 
symmetry 
Symmetry w.r.t. 
x-axis, y-axis 
and origin 
- Do not know how to check the 
symmetry of a function w.r.t. x-
axis, y-axis and origin (D9, d1 – d3, 
D10, d10) 
16) (C) 





x
x
x
x
x
x
1lim
1
lim
 
None of the other functions 
have a limit of 1 as x  
Horizontal 
Asymptote 
 
Using highest 
degree to find 
the limit of a 
function at 
infinity 
 
- Do not know that to have an 
asymptote, x or y, at least have to 
tend to infinity  
- Do not recognize when a curve 
admits a Horizontal asymptote (D1, 
d3; D2, d2 - d6; D3, d1- d3, D5, d3, 
d4; D9, d1; D10, d10 ) 
- Do not know when to consider 
highest power to find limits of 
rational functions limits (D1, d1- 
d4; D2, d5, d6; D3, d1- d3; D5, d2 - 
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d4; D10, d1, d2, d5) 
17) (D) 
Continuous 
9)4(
)4()5lim(
)4(
4
)4)(5(
lim
)4(
4
20
lim
4
4
4
2













h
hx
h
x
xx
h
x
xx
x
x
x
 
Limits  
 
Continuity 
- Do not know how to evaluate the 
limit of a rational function at a 
point not in its domain in order to 
make that function continuous at 
that point (D1, d1, d2, d4, d5; D3, 
d1 – d4; D9, d1- d3) 
 
Question III - Solution and Analysis 
Solution Concepts and skills 
involved 
Potential Difficulties 
18)  
2
83lim


x
x  
= 3(2) + 8 
= 14 
Limit of a polynomial 
function 
 
Substitution  
 
Calculation 
- Do not know that, to find the 
limit of a function at a point, 
the first thing to do is to try to 
find the value of function at 
that point (D1, d1- d4; D2, d6; 
D3, d1- d3; D5, d2 - d4; D10, 
d1- d4) 
- Do not know how to 
substitute values in equations 
(D10, d3, d4) 
- Do not know how to 
perform simple calculations 
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(D10, d6) 
19) 
x
x)sin(lim  
Does not exist Oscillating 
function 
Limit of Oscillating 
Function 
- Cannot recognize an 
oscillating function (D9, d1 – 
d3) 
- Do not know that the limit 
of an oscillating function at 
infinity does not exist (D1, d1 
– d4; D2, d5, d6; D3, d1 – d3; 
D9, d1 – d3) 
Phase 1: Substitute x for 3 
and check if an 
indeterminate form is 
obtained 
 
20) 
3
2
3
9
lim



t
t
t
= 
0
0
   
(I.F.) 
 
 
Phase 2: Factoring the 
numerator and reduce to 
find a finite value or 
infinity 
 
 
 
 
 
Limit of rational function 
Substituting values in 
Equations 
Recognizing 
indeterminate forms 
 
 
 
 
 
- Do not know that, to find the 
limit of a function at a point, 
the first thing to do is to try to 
find the value of the function 
at that point (D1, d1- d4; D2, 
d6; D3, d1- d3; D5, d2 - d4; 
D10, d1- d4) 
- Do not know how to 
substitute values in equations 
(D10, d3, d4) 
- Cannot recognize 
indeterminate forms (D1, d1- 
d4, D2, d6, D10, d1, d2) 
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3
2
3
9
lim



t
t
t
= 
  
3
3
33
lim



t
t
tt
=  
lim
𝑥→3
𝑡 + 3 = 
6 
 
 
Factoring 
Reducing 
Substitution  
Calculation 
- Do not recognize factoring 
numerator or denominator 
then simplifying as one way 
to avoid the indeterminate 
form (using identities. (a – 
b)(a + b) = a2 – b2) (D10, d5- 
d7) 
- Do not know how to reduce 
fractions by eliminating same 
factors (D10, d9) 
- Do not know how to 
substitute values in equations 
(D10, d3, d4) 
- Do not know how to 
perform simple calculations 
(D10, d3) 
Phase 1: Substitute x for 1 
and check if an 
indeterminate form is 
obtained 
 
21) 
 
5
2
5
5
lim



x
x
x
= 
0
0
 
 
Limit of rational function 
 
 
 
Substituting values in 
Equations 
Calculation 
 
- Do not know that, to find the 
limit of a function at a point, 
the first thing to do is to try to 
find the value of function at a 
point (D1, d1- d4; D2, d6; D3, 
d1- d3; D5, d2 - d4; D10, d1- 
d4) 
- Do not know how to 
substitute values in equations 
(D10, d3, d4) 
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(I.F.) 
 
 
Phase 2: Consider each 
side of the piece-wise 
function as x tends to 5 in 
order to find the limit by 
reducing  to find a finite 
value or infinity 
 
 



5
2
5
5
lim
x
x
x
= 
  
 

5
2
5
5
lim
x x
x =  


5
5lim
x
x =  
0+ 
  
 
  
 
 




5
2
5
5
lim
x
x
x
 
Recognizing 
indeterminate forms 
 
 
 
 
 
 
 
Piece-wise function 
 
 
Reducing 
Substitution  
Calculation 
 
 
 
 
Piece-wise function 
 
- Do not know how to 
perform simple calculations 
(D10, d3) 
- Cannot recognize 
indeterminate forms (D1, d1- 
d4, D2, d6, D10, d1, d2)  
 
 
 
 
- Cannot recognize a piece-
wise function (D9, d1- d3) 
- Do not know how to reduce 
fractions by eliminating same 
factors (D10, d9) 
- Do not know how to 
substitute values in equations 
(D10, d3, d4) 
- Do not know how to 
perform calculations 
involving 
x numbers (D1, 
d5; D10, d3) 
- Cannot recognize a piece-
wise function (D9, d1- d3) 
- Do not know how to reduce 
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Question IV - Solution and Analysis 
Solution Concepts  and skills 
involved 
Potential Difficulties 
22) 
2
)(lim
x
xf  = +∞ 
Reading the curve to find 
the limit at a point not in 
the domain (limit = 
Do not know how to read a 
curve in order to find limit of 
a function at a point not in the 
 




5
2
)5(
5
lim
x
x
x
 
 


5
)5(lim
x
x  
 0-  
 
 
 
 
Phase 3: Check the 
existence of the Limit 
 
Since the limits of the 
given function at 5- and 5+ 
are equal then 
 
5
2
5
5
lim



x
x
x
= 0  
 
 
Reducing 
Substitution  
Calculation 
 
 
 
 
 
 
 
 
Existence of Limits 
fractions by eliminating same 
factors (D10, d9) 
- Do not know how to 
substitute values in equations 
(D10, d3, d4) 
- Do not know how to 
perform calculations 
involving 
x numbers (D1, 
d5; D10, d3) 
 
 
 
 
- Do not recognize when a 
limit exist or no (D3, d6) 
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infinity) domain (D2, d5, d6; D6, d3; 
D7, d1- d3) 
23) 
x
xf )(lim  = 0 Reading the curve to find 
the limit at infinity (limit 
= real number) 
Do not know how to read a 
curve in order to find limit of 
a function at minus infinity 
(D2, d5, d6; D6, d3; D7, d1- 
d3) 
24)  
1
)(lim
x
xf  = 2 
Reading the curve to find 
the limit at a point in the 
domain (limit = real 
number) 
Do not know how to read a 
curve in order to find limit of 
a function at a point in the 
domain (D6, d3; D7, d1- d3) 
25)  
5
)(lim
x
xf  = 3-  
Reading the curve to find 
the limit at a point not in 
the domain (limit = real 
number) 
Do not know how to read a 
curve in order to find limit of 
a function at a point not in the 
domain (D6, d3; D7, d1- d3) 
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Appendix H: Classification of Students’ Perceptions of their Difficulties  
 
Operations 
and 
calculation
s to find a 
limit (10) 
ST8GS 
 
 ST9SG 
 
 ST5LS 
 
 ST8LS 
 
 ST11LS 
 
 ST15LS 
 
 ST16LS 
 
 ST17LS 
 
 ST18LS 
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 ST20LS 
 
   
Indetermin
ate form 
(7) 
ST3GS 
 
 ST9SG 
 
 ST16SG 
 
 ST4LS 
 
 ST12LS 
 
 ST13LS 
 
 ST19LS 
 
   
Differentia
bility and 
continuity 
(7) 
ST5GS 
 
 ST8SG 
 
 ST10GS 
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 ST14GS 
 
 ST7LS 
 
 ST8LS 
 
 ST19LS 
 
   
Meaning 
and 
purpose of 
limit (6) 
ST2GS 
 
 ST3LS 
 
 ST5LS 
 
 ST14LS 
 
 ST15LS 
 
 ST17LS 
 
   
No answer 
(4) 
ST11GS  
 ST12GS  
 ST15SG  
 ST2LS  
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Metaphysi
cal aspect 
(4) 
ST6SG 
 
 ST1LS 
 
 ST9LS 
 
 ST12LS 
 
   
Easy – no 
difficulty 
(3) 
ST4GS 
 
 ST13GS 
 
 ST10LS 
 
   
Asymptote
s (vertical 
& 
horizontal) 
(2) 
 
ST1GS 
 
 ST11LS 
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Previous 
knowledge 
(2) 
ST9SG 
 
 ST14SG 
 
   
Undefined 
point (1) 
ST7GS 
 
   
Infinitely 
small (1) 
ST6LS 
 
   
 
 
 
